PRINCIPAL BUNDLES WITH GROUPOID STRUCTURE: LOCAL VS. 
GLOBAL THEORY AND NONABELIAN CECH COHOMOLOGY 



CARLO A. ROSSI 



Abstract. The aim of this paper is to review and discuss in detail local aspects of prin- 
cipal bundles with groupoid structure. Many results, in particular from the second and 
third section, are already known to some extents, but, due to the lack of a "unified" point of 
view on the subject, I decided nonetheless to (re)define all the main concepts and write all 
proofs; however, some results are reformulated in a more elegant way, using the division 
map and the generalized conjugation of a Lie groupoid. In the same framework, I discuss 
later generalized groupoids and Morita equivalences from a local point of view; in partic- 
ular, I found a (so far as I know) new characterization of generalized morphisms coming 
from nonabelian Cech cohomology, which allows one to view generalized morphisms as a 
generalization of classical descent data. I found also a factorization formula for the division 
map, which is the crucial point in the local formulation of Morita equivalences. 



2. Principal bundles with groupoid structure: the division mad 5 



2.1. First examples of principal bundles: unit bundle, pull-back bundle and trivial bundle! 6 



LocaTdataofprincipalbun^^ 11 
^ 11 



3.2. Local trivializing data for principal bundles! 14 



Examples of princi pal bundles with groupoid structure! 18 



^ 29 



3.5. Cohomological interpretation of principal bundles with structure groupoid! 33 



4. Hilsum-Skandalis morphisms and a local version of g eneralized groupoidsl 41 



4. 1 . From generalized morphisms to local generalized morphisms 



Contents 



Introduction! 2 



4,2^^^ronyoca^^eneralizedm^^ morphisms 



44 
49 



^ 58 



4^5^_CohonK)logi£a^^ morphisms: generalized morphisms as generalizations of descent data! 62 



5.1. From generalized morphisms to local generalized morphisms: the division map of the composition of generalized morphism; 
^^2^^jroin^enerdi^edjnor^^ ma 



5.3. The composition law for local generalized morphisms: the refinement trick and the general arguments! 76 



6. Morita eq uivalence: a local characterization) 79 



^ 79 



6.2. The inverse of a Morita equivalence and the factorization propertv for division maps! 82 
6^1^^AcriteriCTiJor.a_generalizMm^^ 86 



(p. 4. (^onseq uences of the Factorization Formiila: from global to local Morita equivalences! 90 
6'5~FronnocartTglobalMor^ 92 



2 

iReferencesI 



C. A. ROSSI 



97 



1. Introduction 

Principal bundles are one of the main objects of study in many areas of mathematics and 
physics, e.g. differential geometry, algebraic topology. Topological Quantum Field Theo- 
ries, gauge theory. In particular, the study of principal bundles encodes also the study of 
many structures on them, like e.g. connections, basic differential forms, curvature of con- 
nections, etc. In a previous paper 1171 . for the purpose of studying the properties of the 
so-called generalized Wilson loop observable for BF-theories (roughly speaking, higher- 
dimensional analoga of 3-dimensional Chern-Simons theory), which is a formal series of 
differential forms on the space of loops on a manifold M which mimics the shape of the 
path-ordered exponential giving an explicit representative of trace of the holonomy in some 
representation of the structure group G of a bundle P over M, I pursued in detail the idea 
of viewing holonomy w.rt. a connection as a gauge transformation of some bundle over 
the space of loops in M; more generally, I introduced the concept of generalized gauge 
transformations and interpreted the parallel transport w.r.t. a connection as a generalized 
gauge transformation between two particular bundles one the space of curves in M. More- 
over, the flatness of the connection w.rt. which one considers parallel transport has some 
consequences: namely, the parallel transport is a horizontal section w.r.t. a covariant deriv- 
ative coming from pull-back of the previous connection. From a more geometrical point 
of view, this is equivalent to the well-known fact that the holonomy map w.rt. a flat con- 
nection, restricted to loops with a fixed base point, factors to a map from the fundamental 
group of M w.r.t. the chosen base point to G. 

Later on, I took notice that generalized gauge transformations may be introduced also in 
the more general framework of principal bundles with structure groupoid: roughly speak- 
ing, they can be viewed as manifolds, projecting down to base spaces, acted on from the 
right (or from the left) by a Lie groupoid, so that the action is free and transitive on each 
fiber. This result is an easy consequence of the existence of a division map also for princi- 
pal bundles with structure groupoid; I refer to 1 18 1 for more details on the subject. 

At that point, I thought it would be interesting to pursue analoga of the interpretation of 
parallel transport w.r.t. connections also for principal bundles with structure groupoid. Al- 
though there is a huge amount of literature about principal bundles with structure groupoid, 
the only explicit reference to connections on them I found in the forthcoming book of 
Moerdijk and Mrcun 1 15 1 and in 1 13 1, again by Moerdijk and Mrcun; let me just point out 
that they discuss connections w.r.t. a foliated structure of the base space of the bundles they 
consider. They also discuss briefly the notion of flat connections w.r.t. a foliated structure. 
This was one of my starting point towards an attempt to find a convenient notion of con- 
nections and flatness of connections on principal bundles with structure groupoid. 

On the other hand, I began also to pursue properties of principal bundles with groupoid 
structure without any reference to other structures; this I just did for a better understanding 
of the subject. In the mathematical literature, I found a huge amount of work on this field, 
e.g. |3|, |6| and |7|, |8|, |12| and 1,161 , to cite the main ones. However, each one of the 
cited authors had his personal point of view about the way of dealing with principal bun- 
dles with groupoid structure; e.g. Connes |3|, Hilsum and Skandalis |8| and Hafliger 
prefer to think in local terms, introducing the analogon for groupoids of the nonabelian 
Cech first cohomology group of a manifold M (the base of the bundle) with values in the 
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Structure groupoid Q, generalizing ideas of Grothendieck, and viewing thus isomorphism 
classes of principal bundles with structure groupoid as cohomology classes in this frame- 
work. To be more precise, in f6l, the author introduced nonabelian Cech cohomology (at 
degree 1) of a topological space with values in sheaf of (topological) groupoids; the first 
nonabelian Cech cohomology group of M with values in a sheaf of topological groupoids 
canonically associated to a topological groupoid is in one-to-one correspondence with the 
set of isomorphism classes of topological principal bundles with groupoid structure over 
M. On the other hand, Moerdijk El, Mrcun jl6l and Moerdijk and Mrcun 1 15 1 prefer to 
view principal bundles as global objects, pointing out to nonabelian cohomology theory 
from a slightly different perspective, using the division map. 

Principal bundles with groupoid structure are interesting mathematical objects by them- 
selves, since they encode a differential-geometric analogon of the algebraic notion of bi- 
modules between rings or algebras, namely generalized morphisms between Lie groupoids. 
Generalized morphisms between two Lie groupoids Q and TL are bibundles, i.e. (roughly 
speaking) principal bundles with structure groupoid Ti, over the manifold of objects of Q, 
such that Q acts from the left on the bundle in a compatible way. Generalized morphisms 
play a central role in many areas of modern research: a well-known fact (which I will re- 
prove later) is that G-equivariant principal i7-bundles over a manifold M, acted on from 
the left by G, are in one-to-one correspondence with generalized morphisms from the ac- 
tion groupoid G K M to H, viewed as a trivial Lie groupoid. Connes O and Hilsum and 
Skandalis 1 8 1 present a nonabelian Cech cohomological version of generalized morphisms. 
Last, but not least, let me spend two words on the notion of Morita equivalences between 
Lie groupoids: this notion mimics the notion of Morita equivalences in the category of 
bimodules. In fact, a Morita equivalence between Lie groupoids is an isomorphism in 
the category of generalized morphisms; Morita equivalences between Lie groupoids are 
central objects of study in the theory of Lie groupoids. 

Motivated by the results of [18], I tried to pursue a "universal" point of view. The key 
tool, due to my previous work 1 17| in ordinary principal bundles, is the use of the mathe- 
matical object that MacKenzie II II calls "division map": in 1181 I analyzed carefully the 
properties of the division map, and I will use it in this paper to pursue all local properties of 
principal bundles with groupoid structure. The division map of MacKenzie, in the frame- 
work of ordinary principal bundles, is, in the more general context of principal bundles 
with structure groupoid, what Moerdijk [121 calls a "cocycle over M with values in Q" (or 
also a division map); a cocycle with values in Q depends on a surjective submersion from 
the total space P to the base manifold M, and always comes in pair with a map from the 
base manifold M to the manifold of objects of the structure groupoid Q, which I call the 
momentum of the principal bundle. The main feature of a cocycle over M with values in 
Q is that it contains all the informations one needs to characterize an action of on P to 
be free and transitive on each fiber of the surjective submersion. It is also what I use to 
link the global point of view to the local one, hence drawing a bridge between the two 
"cohomology" philosophies of 0, |6| and Q, |8| andCH, Oil- 

Let me now explain the structure of the paper. In Section |2j I review the definition 
of principal bundles with groupoid structure in a "global" way, following closely 1 15J. I 
also review the definition and the main properties of the division map, for whose detailed 
exposition I refer to 1 14| and 1 18 1. 

In Section|3j I review and discuss in detail so-called local trivializing data over a smooth 
manifold with values in a Lie groupoid (see also and (6|): I show that there is a one- 
to-one correspondence between local trivializing data and principal bundles with groupoid 
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Structure, once open coverings of the base space are chosen. Afterwards, I construct exam- 
ples of principal bundles with groupoid structure for some known groupoids, using local 
trivializing data: among other things, I classify completely principal bundles with action 
groupoids as structure groupoids. Moreover, I review the definition and the local char- 
acterization of morphisms between principal bundles with structure groupoid (always by 
choosing open coverings of the base space). To get rid of the choice of open coverings, 
one tries to reformulate the theory of local trivializing data and local morphisms between 
them in the framework of nonabeUan Cech cohomology: this is what I do at the end in a 
more elegant way than in the classical references, using the generalized conjugation of Lie 
groupoids. The computations that I do in the framework of nonabelian Cech cohomology 
are crucial for what comes in the next Section. 

In Section |4] I first review the notion of generalized morphism, following closely [161 
and [.15. 1 , using a "global" point of view, focusing in particular on the additional properties 
the division map of generalized morphisms has to satisfy. Later on, I rewrite in local terms, 
using the arguments of Section|3] the notion of generalized morphism, introducing the no- 
tion of local generalized morphism, and I then show that local generalized morphisms and 
generaUzed morphisms are in bijective correspondence. Using the notion of local gener- 
alized morphism, I classify completely generalized morphisms between action groupoids. 
A local construction of generalized morphisms was already pursued in [3 1 and 1 8 1, but the 
local point of view that I take differs slightly from their, in the sense that I consider not only 
what in |8 1 is called a "cocycle on a groupoid Q with values in a groupoid TC\ but with an 
additional equation, which is related to nonabelian Cech cohomology in a (so far as I know) 
new way. This additional equation is the key point in the characterization of generalized 
morphisms that I adopted: to mention one fact, in the classical references, the components 
of a local generalized morphism are labelled as cocycles. They are, more precisely, not co- 
cycles, but coboundaries in nonabelian Cech cohomology between two cocycles obtained 
by two distinct pull-back procedures. At a global level, this means that there is a morphism 
between principal bundles, which satisfies also an additional "cocycle" condition similar 
in spirit to the one appearing in classical Descent Theory. Classical Descent Theory, to be 
precise, is proved to be a generalized morphism in this setting; therefore, the theory of gen- 
eralized morphisms may be viewed as a generalization of classical Descent Theory. Using 
this characterization of generalized morphisms, I came, by what I should call "Serendip- 
ity", to the result that I wanted initially to pursue in |17|, namely a new characterization 
of flat bundles, motivated by the fact that flat bundles give rise to horizontal gauge trans- 
formations: in fact, isomorphism classes of flat G-bundles over M correspond uniquely 
to equivalence classes of generalized morphisms from the fundamental groupoid of M to 
G. This I will not pursue here in detail, deserving to it a forthcoming paper; in fact, the 
announced result could be also generalized to principal bundles with structure groupoid, 
giving a purely algebraic definition of flat connections, which generalizes the well-known 
correspondence between flat bundles and conjugacy classes of of representations of the 
fundamental group in the structure group of the bundles. Moreover, recently, a complete 
analysis of connections on so-called principal G-bundles over the Lie groupoid F was pur- 
sued in 1 10 1, using methods from the theory of simplicial manifolds. Since connections 
on principal bundles with structure groupoid may be viewed as a generalized morphism 
from the quasi-groupoid of curves in M to the structure group of the bundle, connections 
on principal G-bundles over a Lie groupoid F, for a general Lie groupoid F, can be char- 
acterized as two generalized morphisms from distinct (quasi) Lie groupoids with the same 
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manifold of objects to the same groupoid G, which satisfy an additional compatibility con- 
dition, which should be expected to correspond to the vertical differential in the Cech-De 
Rham bicomplex used in 1 10|, which measures the condition for a quasi-connection to be 
a true connection. This I plan to pursue also somewhere later 

In Section |5] I first review the composition of generalized morphisms from a global 
point of view, following again [161 and f 151; in particular, I focus on the computation of 
the division map of the composition of two generalized morphisms. I then proceed by an- 
alyzing the concept of composition of local generalized morphisms. This needs a "refine- 
ment" trick, due to the (tautological!) local nature of local generalized morphisms; once 
this point is clear, the composition of local generalized morphisms can be easily defined, 
and moreover, it is shown that composition of local generalized morphisms is equivalent 
to composition of generalized morphisms. Let me just notice that, by the arguments of 
the final subsection of Section|3 the composition of generalized morphisms is expected to 
correspond to an operation in nonabelian Cech cohomology; I do not intend to pursue this 
topic here, however I plan to deserve to the abstract cohomological aspects of the theory 
of generalized morphisms a forthcoming work. 

In Section |6l I first review the concept of Morita equivalence, again using as main 
references |16| and 1 151: I review the concept of canonical division maps of a Morita 
equivalence and the concept of the inverse P^^ of a Morita equivalence P, showing that 
it is also a Morita equivalence and concentrating on the computation of its canonical di- 
vision maps and their relationship with those of the Morita equivalence P. In particular, 
using arguments of |,18 1, 1 find a Factorization formula for the (at first sight complicated) 
division map of the composition of a Morita equivalence P with its inverse P^^; this is 
the starting point from which I derive a notion of local Morita equivalence, which I prove 
to be completely equivalent to the "global" one. Also Morita equivalences, having local 
counterparts, whose properties are strictly related to the composition of generalized mor- 
phisms, are expected to receive an interpretation in nonabelian Cech cohomology, recalling 
arguments from Section |5j as for the final topic of the preceding Section, I will treat this 
topic also separately. 

Acknowledgment. I thank A. S. Cattaneo and G. Felder for reading the manuscript carefully 
and for many discussions; I also acknowledge the pleasant atmosphere at the Department 
of Mathematics of the Technion, where this work was accomplished. 

2. Principal bundles with groupoid structure: the division map 

I devote the first section to a reminder of the definition of principal bundles with groupoid 
structure borrowed from |15|; in particular, I going to recall the definition of the divi- 
sion map for principal bundles. I borrow the name "division map" from MacKenzie II II : 
Moerdijk [12] calls the division map a cocycle with values in a groupoid Q (although he 
considers it jointly with a smooth map, which is for me the momentum), and he already 
states some of its properties. In 1181 . 1 analyzed its properties carefully, in particular em- 
phasizing its nature as a bundle map and its equivariance properties, which will prove to be 
a basic ingredient of later computations. The division map plays a fundamental role in the 
local description of principal bundles, and its main properties build the groundstone lead- 
ing the local description of principal bundles; this role was already known to Moerdijk 1 12l. 
Let me only skip the introductory part to the theory of Lie groupoids which will be used 
throughout the paper, referring to 1 18 1 for the main conventions and notations. 

I recall now the definition of principal bundles with groupoid structure. 
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Definition 2.1. A principal bundle P with groupoid structure Q over the manifold M is 
a 4-tuple (P, TT, e, M), where i) P and M are smooth manifolds and ii) the pair (P, e) 
defines a structure of right (/-space on P. (Notice that usually, the right (/ -action is simply 
denoted as right multiplication; if otherwise a particular notation is needed, I will use the 
notation ^> or '■^ p for the right-action map.) 

Moreover, the following requirements must hold: 

i) the map tt is a surjective submersion from P to M\ 

ii) the map tt is (/-invariant, i.e. the following diagram commutes 

Px.t; p 



P — M 
iii) the map (prj^ , defined via 

(pri,^') -.Px.g^PxMP, 

{p,9) "-^ {p,pg), 

is a diffeomorphism; by P x jv/ P is meant 

PxmP: ={{p,q)ePxP:n{p)=TT{q)}. 
The map e is sometimes called the (right) momentum of the bundle P. 



Let me notice that the first two requirements in Definition l2.1l are the same as for ordi- 
nary principal bundles with structure group; the third one is most peculiar, but it may be 
viewed as another way of saying that the groupoid Q operates freely and transitively on 
each fiber of P. Namely: assume first that the identity holds 

pg — p, p e P, g e G such that tg{g) = e{p). 

It follows that the (a priori) distinct pairs {p,g) and {p, i^g{s{p))), both in P Q, are 
mapped by the diffeomorphism (prj^, 'i') to the same image, namely {p,p); hence, 

g = Lg{e{p)). 

If, on the other hand, one takes any two points p and q of P, lying in the same fibre of tt, 
which means that 

tt{p) = Tr{q), 

hence the pair (p, q) belongs to P x m P, since {pii, 4') is a diffeomorphism, one has 
immediately that 

q^pg, g^G £{q) sg{g), e{p)^tg{g), 

whence also g e g^f^^y^i^py 

2.1. First examples of principal bundles: unit bundle, pull-back bundle and trivial 
bundle. In this subsection I define three particularly important principal bundles, which 
will play also a fundamental role in the local description of general principal bundles, 
namely the unit bundle, which is the basic groundstone for the subsequent theory, the 
natural notion of pull-back bundle of a principal bundle P, from which, using the unit 
bundle, from which I can define the notion of trivial bundle. Notice that the notion of 
trivial bundle is not uniquely determined as in the case of ordinary principal bundles, but, 
in fact, there can be more than one trivial bundle over the same base space. 
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Definition 2.2. The unit bundle of the Lie groupoid Q consists of the 4-tuple {G,tg,sg, Xg ) 
(thus, it is a bundle over the manifolds of points of Q), and the right ^-action on itself is 
given by right multiplication; it is usually denoted by Ug. 

Let me briefly sketch the proof of the fact that Ug, for any Lie groupoid Q, is really a 
principal bundle in the sense of Definition l2.1l That the projection tt — tg is a. surjective 
surjection follows immediately from the definition of Lie groupoid; similarly, the axioms 
of a Lie groupoid imply immediately that it is (J-invariant in the above sense. I come now 
to the last part of the proof: namely, let me consider the map (pr^, ^) on Ug 

Ug Xsg Q 3 (91,92) ^ (51,5152) e Ug Xxg Ug. 

The inverse map thereof is simply given by 

Ug XXg Ug 3 (51,52) 1-^ (5l,5r^52) ^Ug Xsg Q. 

Notice that the previous map makes sense: in fact, if the pair [gi , 92 ) belongs to Ug XxgUg, 
this means that 

tgigi) = 55(51"^) = ^5(52) and sg(5i) = ^5(51"^)- 

The axiom of a Lie groupoid imply that the above map is smooth, hence it is a diffeomor- 
phism. The map introduced above can be really thought of as a division map; in fact, this 
is the context where MacKenzie derived its name from. 

I define now the pull-back bundle of a general principal bundle in the sense of Defini- 
tion O 

Definition 2.3. If the 4-tuple (P, tt, e, N) is a principal C/-bundle over N and AI — *■ is a 
smooth map from the manifold M to the manifold N, the pull-back bundle f*P ofP w.r.t. 
f is defined by the 4-tuple {f*P, pii, e o prj, M), where the space f*P is 

rP: = {(m,p) eMxP: f{m) - 7r(p)} , 

and pij, i — 1,2, denotes projection onto the i-th term of f*P. 

Lemma 2.4. The Atuple {f* P, prj^, e o pr2, M) is a principal bundle in the sense of Defi- 
nition^^ 

Proof. The bundle projection prj^ is clearly a surjective submersion. Since the right Q 
action, which is defined along the map 

(m,p) e{p), 

takes the explicit form 

f*P Xeopr^ Q 3 {m,p;9) ^ {m,p9), 

the bundle projection is also clearly (^-invariant. 

If two points {mi,p) and (m2, q) of /*P belong to the same fibre, it follows 

mi = TO2 ^ Kjni) = tt{p) = /(m2) = 7r(q) <^ q = P9p,q, 

for some element g e Q, since P is a principal bundle. Thus, the map 

f*P x^opr^ G 3 {m,p;9) ^ {m,p;m,p9) 

is a diffeomorphism, where the smooth inverse is given explicitly by 

f*P Xm f*P 3 {m,p;m,q) {in,p;9p,g) , 

and the claim follows. □ 
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Now, I give the definition of trivial bundles over a base manifold M. 

Definition 2.5. Given a groupoid Q and a smooth map a from a manifold M to the mani- 
fold of objects Xg of Q, I consider the pull-back bundle a*Ug of the unit bundle of Q. 
By its very definition, the total space of this bundle has the form 

a*Ug = {{m,g) € M x Q : a{m) = tgig)} . 

The bundle a*Ug is called the trivial Q-bundle over M w.r.t. a. 

Lemma lZ^l implies that a*Ug is in fact a principal bundle. 

Example 2.6. Recall that any Lie group G may be viewed more generally as a Lie groupoid, 
where the manifold of objects is simply a point *, and target, source and identity map are 
defined accordingly. 

There is only one map a from a manifold M to the point *, mapping all M onto *. 
Hence, "the" trivial bundle a*UG takes the form: 

a*UG = {{m,g) eM x G: a{m) = * = tdg}} = 
= M xG, 

which coincides with the usual definition of trivial principal bundle over M. 

Remark 2.7. Notice that, while there is only one trivial principal G-bundle over a manifold 
M, with G a group, there can be in principle many distinct trivial -bundles over the same 
base. 

Example 2.8. One can consider the manifold M to be a point *; then, the map a simply 
sends the point * to some x £ Xg and this is clearly a smooth map. The associated trivial 
bundle a*Ug is the subset of Q of "arrows" arriving at x: namely, the base space can be 
immediately identified with the point x and the total space is by definition 

a*Ug = {{*,g) e{*}xg: tg{g) = a{*) = x} ^ 

Hence, if consider e.g. the action groupoid G x M, for a smooth manifold acted on from 
the left by a Lie group G, then the trivial bundle over a point mapped to the point m in 
M, is simply the G-orbit in M through the point m. 

Remark 2.9. Observe that the "momentum map" e, along which the right action of on P 
is defined, is a surjective submersion in the case of a trivial bundle, as it is the composition 
of two surjective submersions. 

I introduce now the following 

Definition 2.10. Given two principal bundles (P, tt, e, M) and ^P, tt, e, over the same 
base manifold M and with the same structure groupoid Q, a morphism of principal bundles 
from P to P is a smooth map r from P to P enjoying the two requirements: 

i) T is fibre-preserving, i.e. the following identity must hold: 

TT o T = TT. 

ii) T is t^-equivariant, i.e. 

eoT = e, T{pg)^T{p)g, \/{p, g) e P x^ g . 

Remark 2.11. Notice that the first identity in ii) of Definition l2. lOl implies that both terms 
in the second identity are well-defined. 
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In the terminology introduced in 1181 . a morphism between two principal bundles P and 
P over the same base manifold and with the same structure groupoid is a. fibre-preserving 
twisted equivariant map between the Q-spaces P and P, when coupled with the identity 
map of M . 

I recall from 1181 that any morphism of principal bundles over the same base and with 
the same structure groupoid is invertible. Hence, two principal bundles P and P over the 
same base space and with the same structure groupoid, for which there exists a morphism 
in the sense of Definition l2.10l are said to be isomorphic . 



2.2. The division map: definition and memento of main properties. In this subsec- 
tion I discuss the division map of a general principal bundle P; for the name of the map, 
canonically associated to P, I have followed the convention adopted by MacKenzie II II 
for ordinary principal bundles. First of all, I need a preliminary Lemma, whose proof may 
be found in fTsl . 

Lemma 2.12. The 4-tuple (^P P, tt , e x e, , where the manifold PQP is defined by 

PQP: =[{p,p)ePxP:7r{p) = n{p)}, 
and the projection n is 

7t{p,p) = tt{p) = tt{p), 

defines a principal bundle over M, which is called the fibred product bundle of P and 
P. 

Remark 2.13. It is customary to denote the fibred product bundle of P and P by P x m P, 
but I prefer to use the previous notation, which reminds somehow of the Whitney sum no- 
tation, whose analogon in the framework of principal bundles is exactly the fibred product 
operation. 

I recall the definition of the generalized conjugation of a Lie groupoid Q, referring 
to 1181 for a more detailed description. 

The generalized conjugation of a Lie groupoid Q consists of an action of the product 
groupoid of Q with itself on Q; as such (see again |15| or |18| for more details), it 
consists of a 3-tuple (Q^, Jc, ^c), with Jc the momentum of the action and ^c the explicit 
action map. 

The momentum Jc of the generalized conjugation is simply 

Mg) ■ = (tgig), sg{g)) , V.g e g. 

Thus, the manifold x Q, where the action makes sense, takes the form 

[ [sg(g2) = sgigs) J 

Define then the action map ^'c of the generalized conjugation from Xj^QtoQ as 
(2.1) *c(gi,52;.93) : =919392 ^- 

Proposition 2.14. The triple {Q^, Jc, ^'c) defines a left Q^-action on Q, which I call the 
generalized conjugation of Q. 

See im for the proof. 
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Remark 2.15. Let me notice that there is a similar, still distinct, left -action on ^; in fact, 
one can consider the map momentum map Jc from Q to Xg x Xg given by 

Jcig)- = {sg{g),tg{g)) , 

whence 

sg{gi) =sg{g3)\ 



Q xj. ^ = i (.91, 52; 53) 



se(52) = tg{gj.) 



and the action map from Q to Q via 

*c(gi,52;53) : = 5'233.9r^- 
It is not difficult to verify that the triple (5, Jc, defines also a left (J^-action on Q. 

Remark 2. 16. The maps Jc and Jc define also right ^^^-actions on Q, the right generalized 
conjugations: namely, on the set Q x Q'^, resp. G 'Xj G^, define the map ^E*^, resp. , 
by the formula 

(53; 51,52) 1^ 5i 5352, resp. 

(53; 51, 52) 1^ 52 5351- 
Define now the division map of a general principal bundle P. 

Definition 2.17. Given a principal bundle (P, tt, e, M) with structure groupoid G, the di- 
vision map (pp of P is defined by the requirement 

(2.2) q ^ p(f>p{p,q), TT{p)=TT{q). 

First of all, notice that the division map, because of Equation ( 12. 2t . is defined on the 
fibred product bundle P Q P, and that it is, in fact, the second component of the smooth 
inverse of the canonical map (prj^, \E') from Px^QtoPQP. Namely, the inverse of the 
map {pi'i, 5*) can be factorized as follows 

(pri,*)"^ = ($p,i(p,g),$p,2b,9)), 

where <I> p.iip, q) belongs to P and $p 2 {p, q) belongs to G, for any pair [p, q) in the fibred 
product P Q P. From the very definition of inverse map, it follows easily 

(pri,*)($P4(p,g),$p,2(p,9)) = ($p,i(p, g), ^pab, 9)«'r2(p, ?)) = 

= ip,q), 

whence it follows that 

$p,i = pij, <f>p,2 = 4>p. 
Let me now list the main properties of the division map (j)p 

Proposition 2.18. The map (pp from P Q P to G has the following properties: 

i) for any point {p, q) of P Q P, one has 

</'p(P, 9) G Ge(q),e{p)- 

ii) On the diagonal submanifold of the total space of P Q P, one has 

4)p{p,p) ^ ig{e{p)), ypeP. 
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iii) for any pair {p, q) G P Q P, the following equation holds 

(l>pip, q) = <l>p{q,py^; 

notice that the previous equation makes sense, since (j),q) G P Q P implies that 
{q,p) e P QP also. 

iv) The triple {^4>p, \Ag2 , id^g ^ is an equivariant map from the right Q"^ -space PQ P 
to the right -space Q endowed with the right generalized conjugation defined 

See once again to 1181 for the proof of Proposition l2.18l 

Example 2.19. Let me consider the unit bundle Ug associated to a general Lie groupoid 
Q, see Definition 12.21 It is then easy to see that the division map = (f)g of the unit 
bundle, defined on the space of pairs (gi, 52) ending at the same point (which corresponds 
clearly to the fibred product of the unit bundle with itself), is the "true" division map 

(51,52) ^ 9x^92, tg{gi) = tg{g2). 

Example 2.20. Given a principal bundle P over a manifold N, and a smooth map / from 
a manifold M to A^, it is not difficult to prove that the division map 4>f*p of the pull-back 
bundle f*P is simply 

(j>f,p((m,p), {m,q)) = (j)p{p,q), f(m) = Tr{p) = Tr{q). 

Hence, the division map of the trivial bundle a*Ug over M associated to the smooth map 
a is simply 

</'a(("l,5ii), (771,^2)) =91^92, tg{gi) =tg{g2). 

Remark 2.21. Given a principal bundle (P, tt, e, M) with structure groupoid Q, the pair 
{e, (j)p) is called by Moerdijk 1 12 1 a "cocycle on Af with values in C?; in the next section, I 
will explain in which sense this denomination has to be understood. 

3. Local data of principal bundles with groupoid structure 

In the previous section 1 introduced the main notion of principal bundle with groupoid 
structure and I discussed the first examples of principal bundles, namely the unit bundle 
and the trivial bundles associated to smooth maps; further, 1 introduced the division map 
of a general principal bundle P and listed its main properties. 

The main properties characterizing a principal bundle P are encoded in the ^^-invariant 
surjective submersion tt and the division map, whose existence makes the action of Q on 
P free and transitive on every fibre. 

Now, I want to give a "constructive" definition of principal bundles, dealing with local 
data, such as in the ordinary case; in other words, 1 trivialize locally a general principal 
bundle, with the help of the submersivity of the projection tt and the division map. Later, I 
will generalize the notion of local trivializing data, and I will also prove that local trivial- 
izing data provide an equivalent way of defining principal bundles. Finally, with the help 
of local trivializing data, 1 will construct some examples of principal bundles for some 
particular Lie groupoids. 

3.1. Local sections of tt and trivializations of P. Recall that the projection tt of a prin- 
cipal bundle P is a surjective submersion, i.e. the tangent map at any point of P is a sur- 
jective linear map between the corresponding tangent space; hence, the Implicit Function 
Theorem implies the following useful 
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Lemma 3.1. Any principal Q-bundle (P, tt, e, M) is locally isomorphic to a trivial bundle, 
i.e. for any point m of AI there is an open neighbourhood U, such that the restriction of P 
to U is isomorphic to a trivial bundle over U. 

See also \ 15 1. Consider a general point m of M and choose a local section ajj of tt (it 
is possible by the Implicit Function Theorem, since tt is a surjective submersion) over an 
open neighbourhood U — Um, and consider the (smooth) composite map 

Consider the map 

eyUg 3 im,g) H cr(m)g G P; 

by the very definition of the map eu and Definition 12. 31 the map (pjj is well-defined and 
smooth. 

Since the restriction of P to ?7 and e^Wg are both principal bundles over the same man- 
ifold U and with the same structure groupoid, to prove that both bundles are isomorphic 
via ipu, it suffices to prove that ipu is ^-equivariant and fibrepreserving. 

Let me prove first that it is fibre-preserving. Namely, for any pair (m, g) in eljUg, one 
get 

(tt o (pu){m,g) = Tr{(Tu{m)g) = 

— m — 

= pri(m,g), 

where 1 used the ^/-invariance of the projection tt. 

Now let me prove ^/-equivariance. First, one has to show that ipu respects the momenta 
of the actions of Q: 

{e o ipu){m, g) ^ e{au{m)g) ^ 

= sg{g), y{m,g) e eljUg, 

by the very definition of the momentum for the action of Q on the trivial bundle e^jUg, and 
by the very properties of the momentum. Furthermore, 

Vu{{m,gi)g2) = fu{m,gig2) = 
= crc/(™)3l.92 = 
= (crc/(™)gi)g2 = 

= 'fiu{m,gi)g2, V(m,5i) e eljP,sg{gi) = tg{g2). 

□ 

The isomorphism (pij, associated to the local section ajj over U, is usually called a local 
trivialization of P. Notice that the trivialization depends only on a choice of a local section 
of TT, whereas the inverse of the trivialization depends additionally on the division map of 
P. The question that arises naturally now is: 

Given two trivializing open sets U, V, intersecting nontrivially, and correspond- 
ing sections of tt, au and ay respectively, giving rise to trivializations ipu, resp. 
tpv, is there an explicit relationship between the triviaUzations? 
This is the question 1 want to answer in what follows, but, before entering into the 
details, I have to fix some notations . Given a local section ajj of tt over some open subset 
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U of M, denote by eu the composite map 

ejj: =eo(7u, 

which is a smooth map from U to the manifold of objects Xg of Q, called the local mo- 
mentum of P w.r.t. the open set U ; consequently, one can consider the trivial bundle e^jUg 
associated to ejj- Given a principal bundle P over M and some open subset U C M, I will 
use the following short-hand notation for the restriction of P to U: 

Pu: ^Tr-\U). 

I need first the following technical 

Lemma 3.2. IfU, V are two open subsets of M, intersecting nontrivially, over which there 
are trivializations ipu and (pv, associated to sections au and ay respectively, then 

{e1jUg)unv — {£vUg)ur\V ■ 

Proof. Given two trivializations (fu and (fy on the open sets U and V respectively, a 
morphism from {elj'Ug)unv to {eyUg)unv can be simply defined via 

ipvu- = ° 

where, of course, I consider the restrictions of the respective triviaUzations, so that the 
morphism is well-defined. 

It remains to check that 4)vu is fibre-preserving and ^-equivariant, which, on the other 
hand, are both consequences of Lemma lTTI hence, the claim follows. □ 

Now, I want to find an exphcit expression for the isomorphism in Lemma lT2l Recalling 
that Lpu, resp. (^y, is defined via a section ajj of tt over U, resp. ay over V, one finds by 
a direct computation: 

<Pvu{m,g) = ipy^{au{m)g) = 

= {TT{au{m)g),(l)p{av{TT{(Ju{m)g)),auim)g)) = 
= {■m,(j>p{(Tv{m),au{m))g) ; 

in the previous computations, I made use of the ^/-invariance of the projection vr, of the 
fact that (Tu is a section of tt and of the equivariance properties of the division map of 
ProDosition l2.18l 

From now on, denote the map 

U DV 3 m (j)p{(Tv{m),au{m)) e Q 

simply by ^vu, for any two local sections <tu, <tv of tt over U, V. I now want to anal- 
yse in detail the properties of the map ^vu, which is called the transition map from the 
trivialization ipu to the trivialization Lpv or shortly the trivialization from U to V. 

Proposition 3.3. Given two open subsets U and V of M, intersecting nontrivially, and 
associated sections ajj and ay respectively, the map $yj/ enjoys the following properties: 

i) the following identities hold: 

tgo^vu—£v, sgo(^vu—£Ui ^uu — i^g ° £u ■ 

ii) The following identity holds: 
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iii) For any three open subsets U,V and W of M, such that their triple intersection 
U C]V C\W is nontrivial, the following identity holds: 

<^wu{'rn) ^ ^wv{rn)^vu{'m.), Mm 'E U r\V C^W. 

Proof. The proof of the first two statements follows directly from the definition of the maps 
£u and £v and from Proposition l2.18l 

The third statement can be proved as follows: since ^wu, ^wv and ^vu are all 
defined via sections of tt, it follows from Equation \2.2\ that 

^wu{m) = (l)p[(7w{m),au{'m)) = 

= 4)p{av{m)(l)p{av{m),aw{m)),au{m)) = 

= (()p{av{rn),aw{rn)y^4>p{av{m),au{'m)) = 

= (f)p{aw{m),av{m))(f)p{av(m),crij{m)) = 

= <^wv{'m)<^vu{'m), 

where I used also Proposition 12. 181 Notice that Property i) implies that one can actually 
multiply ^wvim) and ^^[/(m). □ 

3.2. Local trivializing data for principal bundles. Motivated by the results of the last 
subsection, in particular Proposition 13. 3l regai'ding the properties of the transitions maps 
^vui I want now to generalize the notion of transitions maps, and so I am led to the notion 
of local trivializing data. Let me denote by it ~ {Ua}^ ™ open cover of M\ borrowing 
the notations from the algebro-geometric framework, I denote multiple intersections by 

C/ai n---n?7c«p =: C/i...p or U^, ■ ■ ■ r\Ua^ =: Uc,-a^. 

Definition 3.4. Given a smooth manifold M and a Lie groupoid Q, local trivializing data 
over M with values in Q (or shortly, local trivializing data, when the manifold M and 
the Lie groupoid Q are clear from the context) consist of a 3-tuple (il, $0/3), where i) 
il = {Ua}^ is an open cover of M, ii) the e^'s are smooth maps from Ua to the manifold 
of objects Xg of the groupoid Q, called the local momenta of the data, and iii), for any 
two open sets Ua and Up of the cover 11, intersecting nontrivially, smooth maps $a/3 from 
Ua n Up to Q, called also transition maps or cocycle, enjoying the properties: 

a) the following identities must hold: 

b) for any three open subsets Ua, Up and U^ of the cover il, such that their triple in- 
tersection Uap-y is nontrivial, the following identity (nonabelian cocycle identity) 
must hold 

^a-iirn) ^ ^ap{rn)<^p^{m), VmeUapf. 

Notice that property a) implies that the identity in b) is well-defined. 

The condition on b) is called cocycle condition, because it is reminiscent of the ordinary 
cocycle condition for Lie groups; later, I will discuss in detail the cohomology theory 
behind it. 

Remark 3.5. The notion of local trivializing data can be found already in |3| and |6|, 
although there is no explicit mentioning of the local momenta and the relationship between 
the cocycle and the local momenta; in fact, the local momenta, in the cohomological 
framework, which I am also going to discuss in subsection 13.51 can be hidden as "unit 
0-cochains associated to a 1-cocycle with values in a sheaf of groupoids". I prefer to 
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consider them explicitly, since I want to express the combination between 1-cocycles as 
in lis] and (6l, emphasizing the nonabelian Cech cohomological aspects, and the approach 
of Moerdijk 1121 . emphasizing the presence of a momentum. 

Example 3.6. Given a principal bundle P over the manifold M with structure groupoid 
Q, Lemmata B. ll and ll!2l pi'ovide an example of local trivializing data, namely, after having 
chosen a countable open cover il = {Ua}^ of M and associated local sections tJct of tt 
over Ua, one has the local trivializing data 

Lemma 13.21 is therefore the bridge to understand why Moerdijk called the division map, 
together with the momentum e, a cocycle. 

First of all, I need a technical 

Lemma 3.7. Given local trivializing data (il, $0^), and two open sets Ua and Up 
with nontrivial intersection H J7^, there is an isomorphism between the trivial bundles 

{e*JAg)u^p and {el'Ug)u^^- 

Proof. Consider the following map from (e^Wg)^/^^ to {e*JAg)uaf3'- 

eyjg 3 {m,g) 't*" {m,^ai3{m)g). 

One has to prove that i) ifaf) is well-defined and that it maps really {e*pUg)u^p onto 
{^cMg)uaii^ that ii) it is fibre-preserving and Hi) that it is C/-equivariant. 
To prove i), recall that the pair (to, g) belongs to {syAg)uai3 if ^"d only if 

t^ig) = £/3(to); 

thus, by Property a) of Definition l3.4l the map (p^p is well-defined, and moreover 

tg{^ap{m)g) = te($a/3(m)) = 
= £0(771), 

whence it follows that i^pap maps {£*pUg)uo,i3 onto {£a^g)uci3- 

The proof of ii) is trivial, hence it remains only to show the (?-equivariance. Recalling 
the definition of momentum map for trivial bundles, one gets 

££*Ws(Va/3(™,5)) = £eSWs((™'*a/3(™)ff)) = 

= sg{<^ai3{m)g) = 

= sg{g) = 

= ee'^Ug{m,g). 

Furthermore, recalling the definition of the right ^/-action on trivial bundles, t/-equivariance 
follows immediately. 

Since fibre-preserving, ^/-equivariant morphism between principal bundles over the 
same base space and with the same structure groupoid are invertible, the claim follows 
immediately. □ 

Lemma l3^ is the groundstone of the "constructive" definition of principal bundles, 
which is the analogon of the local construction of ordinary principal bundles. In fact, 
assume one is given local trivializing data (il, £«, $0/3) over the manifold M with values 
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in the Lie groupoid Q in the sense of Definition 13 .41 then consider the disjoint union of all 
trivial bundles e'^Ug 

a 

i.e. the set consisting of all 3-tuples of the form 

{a, m,g) , a is an index for the open cover il, (m, g) e s*^Ug. 
Introduce then the following equivalence relation on Qu- 

i U^p ^ 0, 

(3.1) (Q;,mi,gi) ~ (/3,TO2,52) <^ < r^i = m2 £ C/q/3, 

[ .91 = ^•q/3(toi)52. 

The equivalence relation makes sense in spite of Lemma l3Jl in fact, Relation ( 13. U means 
simply that, whenever one restricts the disjoint union Qu to double intersections of open 
sets of the cover il, one has an isomorphism between them. Moreover, that the relation 
(13. 1> is really an equivalence relation, it follows directly from Definition l3.4l 

Consider now the quotient of Qu by the equivalence relation (13. 1> . which I denote by 

(3.2) Pu: -Qu/^. 

(I use the index il so as to make clear the dependence on the chose cover of M.) 

Define now two maps from to the manifold of objects Xg of Q and to M respec- 
tively: 

^23-) |eu([a,TOa,5a]) : = sg{ga), 

yT^ixiW, ma, ga]) ■ = "^a, 

where I used the notation [a, ma,ga\ with square brackets for the equivalence class of the 
3-tuple {a,ma,ga) in Qix- 

First of all, one has to show that both maps are well-defined. In fact, choosing some 
other representative [/?, mp,gp\ for the class [a, ma,ga], then one would have obtained, 
by the definition of the equivalence relation ( 13. 1> : 

Uaf3^9, nia^mp, ga = ^ap{mp)gi3, 

whence it follows immediately that tt is well-defined. On the other hand, by its very 
definition, e^x satisfies 

eu([/3,m/3,5,3]) = sg(g/3) = 

= Sg[<^pa{ma)ga) = 

= sg{ga.) = 

= £ii([a, raa,ga]) ■ 

Hence, both maps are well-defined. On the other hand, it is clear that tt^ is surjective: 
since il is an open cover of M, for any point m in M one can choose an element a, such 
that rn G Ua- Then, it is easy to verify that tt maps the equivalence class 

[a,m,Lg{eaim))] 

onto m. 



PRINCIPAL BUNDLES WITH GROUPOID. 



17 



Theorem 3.8. Given local trivializing data (il, Sa, $0/3) over the manifold M with values 
in the Lie groupoid Q in the sense ofDeiinition \3.4\ the Atuple 

(-Pu,7i"u,£ii,M) , 

where the set Pjj. is defined by Equation \3.2\ and the maps Try and eu are defined in 
Equation \3.3\ . is a principal bundle over M with structure groupoid Q in the sense of 
Definition XZ.lX 

Proof. In order to show that the 4-tuple (P^, tt^, e^i, M) defines a principal bundle in the 
sense of Definition 12.11 one has to show: i) that P is a smooth manifold, ii) that the 
projection ttu is a surjective, (J-invariant submersion and in) that Q operates on Pu freely 
and transitively on each fibre. 

Let me first show i). Since Pu is obtained as a quotient of Qy, notice first that Qu is a 
smooth manifold, as it is the disjoint union of smooth manifolds; moreover, the equivalence 
relation (13. 1> . by which one takes the quotient of Q^x, is defined by means of smooth maps. 
Notice also that the natural mapping Pu maps any trivial bundle e*JUg bijectively 

to 7rjJ^(J7ct): in fact, one can identify both sets via 

(3.4) e*JAg 3 {ma,ga) '-^ [a,ma,go] e n^'^iUa). 

Introduce at this point a differentiable structure on by requiring a) the sets Tr^^{Ua) 
to be open submanifolds of Pu and that the maps (13. 4> are diffeomorphisms from the 
respective trivial bundles e'^Ug to 7r^^{Ua)- (Notice that any point p G Pjj. lies in some 
set 7r'^^{Ua), since ttu is surjective and il is an open cover of M.) Hence, P^ receives a 
smooth structure, which also makes the projection ttu a smooth surjective submersion; in 
fact, this last fact follows directly from the equivalence relation (I3.1> . 

It remains only to show that Q operates freely and transitively on each fibre via the 
momentum en. Define the right C?-action ^I^u on Pa by 

{[a,ma,ga];g)'^ [a,ma,gag], sg{ga) ^ tg{g). 
The action of ^is well-defined, because 

f U^p ^ 0, 

[a,ma,ga\ = [/3, TO/3,5/3] <^ I rria ^ mp, 

[ ga = '^afj{ma)gi3-, 

whence it follows 

TO/3, 5/3]; g) = TO/3, 5/35] = 

= [a,m.a,^ap{ma){gi3g)] = 

= [a,ma,gag\ = 

= *u([a,TOa,5a],g) . 

Now, I want to show that the action is free and transitive on every fibre. First, 
assume that there is an element g of Q, such that, for some element [a, ma,ga] of Pa, the 
identity holds 

[a,ma,ga] = [a, ma, gag] ^ ga = gag ^ g ^ i-gisgiga)) = '-g([eu([a,TOQ,5Q])) , 

whence it follows that the action is free. 

Assume now to have two points of Pa, say [a, ma,ga] and [/3, fhp,gp], such that 

T:ixi[a,ma,ga]) = ma = rhfs ^ 7ra([/3, m;3, 5/3]) ■ 
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Hence, Uap / 0, and therefore 

for some Ija such that the pair {ma,ga) belongs to e*JJg; it follows 

Therefore, the element g~^ga (which is well-defined by the properties of both factors) has 
the property of relating [a, ma,ga] and [(3, fhp,gp] by right multiplication: 

[a,ma,ga]ga^ga = [a, ITla, gag^^ga] = 

= [a,rna,ga] = 

= [a,ma,^(3aima)gaga] = 

= [P,mp,g0]. 

Notice finally that, by the very definition of smooth structure on Pu, it follows that the 
momentum eu of the Cy-action on is a smooth map and the right-action map is also 
smooth. □ 



Corollary 3.9. Given local trivializing data (il, Sa, ^af}) over the manifold M with val- 
ues in the Lie groupoid Q in the sense of Definition \3.4\ the principal bundle Py, whose 
existence is guaranteed by Theorem \3.H\ has over the open cover i!^ the functions ^ap cis 
transition functions. 

Proof. By the very definition of smooth structure on Pu, the local trivialization tpa over 
the open set Ua takes the form 

e*JJg 9 {ma,ga) [a,ma,ga] e ^^(C/q). 

Therefore, taking two open sets Ua and U 3 intersecting nontrivially, one gets, by Lemma ll!2l 
the following isomorphism ipap between the restrictions {s*JJg)jj and ( £*pUg ) : 

Vapim, g) = {^ipa o </3^^) (m, g) = 
= ipa{[f3,m,g]) = 
= </Jq ([a, m, ^ai3{m)g\) = 
= (m, $a/3(w)g), {m,g)eepUg. 

Hence, the claim follows. □ 
I have therefore proved the following fact: 

There is an equivalence between principal bundles with groupoid structure in 
the sense of Definition 12. 11 which can be trivialized over the open covering H, and 
local trivializing data in the sense of Definition l3.4l w.r.t. open covering iL 



3.3. Examples of principal bundles with groupoid structure. In this subsection I want 
to discuss some examples of principal bundles with groupoid structure, for particular Lie 
groupoids. Let me start with the easiest example of transitive Lie groupoid, namely the 
product groupoid of a manifold X. 
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3.3.1. Principal bundles with the product groupoid X x X of X as groupoid structure. 
The product groupoid X x X associated to a smooth manifold X is defined as follows: 

i) The product manifold X x X is the manifold of arrows of the product groupoid; 

ii) the manifold X is the manifold of objects of the product groupoid; 

iii) the source map, resp. the target map, is defined as projection pr^^ onto the second 
factor, resp. prj onto the first factor; the identity map is the diagonal map Ax; 

iv) the product is simply defined as 

{x,y){y,z): = (x,z). 

It is easy to prove that X x X is a Lie groupoid. I want now to describe precisely local 
trivializing data on M with values inXxX. Following Definition l3.4l one needs i) an open 
cover il of M, ii) smooth maps Sa ■ Ua ^ X and iii) smooth maps ^ai3 '■ Uap ^ XxX, 
for any nonempty intersection of any two open sets in il, satisfying additional identities, 
when composed with source and target map, and cocycle identities. The identities relating 
the "cocycles" to the maps imply that there is only one possible cocycle, for any 
pair of open sets Ua and Up, intersecting nontrivially: namely, such a map takes the 
form 

$a/3M = {^lp{m),<^lp{m)) ■ 

recalling the definition of source and target map for the product groupoid, it follows im- 
mediately: 

and similarly 

It follows immediately that the maps — £(3) satisfy the cocycle condition. 
The trivial bundle associated to takes the form 

£*cMxxx = {(m-, {x,y)) eUaX X x X: e„(m) = x} = 

^UaX X. 

The isomorphisms ipap take the form, using the above natural isomorphism between elJJx x x 
and the product manifold Ua x X, for any index a: 

Uap X X 3 (m,x) ^ {m,{£p{m),x)) "h^" 

'^A" (m, (ea(m),x)) ^ 
(to, x), 

hence, one identifies in an obvious way the trivial bundles restricted to the intersections. 
Thus, the equivalence relation O.U is the trivial relation, induced by the identity; therefore, 
the principal bundle equals the disjoint union Qy, which turns out to be simply 

Qu = xX)=MxX, 

a 

since il is an open cover of M . 

Thus, for any open covering il of M, there is only one principal bundle 
over M with structure groupoid the product groupoid X x X, namely {M x 
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3.3.2. Principal bundles with a Lie group G as structure groupoid. It is already known 
that any Lie group G can be made to a Lie groupoid, by putting G itself as the manifold 
of arrows and a point * as the manifold of objects; the source map, the target map and the 
identity map are defined respectively in a trivial way by putting 

scig) = tcig) = *, V5 e G; lg{*) = e, 

whereas the product is the usual product in G. 

I want now to describe explicitly local trivializing data over M with values in G, viewed 
as a Lie groupoid. First of all, one needs, by Definition 13. 41 an open cover It of M and 
maps Ea from Ua to the manifold of objects of G; since this is simply a point, then all 
Eq, map the respective open set Ua onto the point *, and, as it was akeady remarked in 
Example 12. 81 in Subsection l2.1l the trivial bundles e* Wg take the form Ua x G, which is 
the trivial bundle with structure group G over Ua- Consider now the cocycles they 
take their values in G, and satisfy additional identities relating them to the maps £„, which 
are all equal, contracting the open sets to the point Therefore, the identities relating the 
cocycles to the maps Sa reduce simply to the equation 

The cocycle condition becomes 

$Q/3(m)$^^(m) ^ ^a-yim) £ G, Vm G Uap-, ^ 0, 

which is the ordinary cocycle condition for Cech cochains on M w.r.t. the open cover 11 
with values in G. 

Therefore, the principal bundle over M with structure groupoid G associated to the 
local trivializing data (it, $0/3) takes the form 

PU - YLiUa X G)/ ^, 



Ua0 ^ 0, 



Principal bundles over M with groupoid structure G, for G a Lie group, triv- 
ialized over the open covering it, are ordinary principal bundles over M with 
structure group G, triviaUzed over the same open covering. 



3.3.3. Principal bundles with the action groupoid G K X as structure groupoid. Now 
comes a more interesting example of Lie groupoid, namely the action groupoid associated 
to a Lie group G and a manifold X, on which G acts from the left; let me recall briefly its 
definition. The action groupoid G x X associated to G and X is completely defined by the 
following requirements: 

i) the product manifold G x X is the manifold of arrows; 

ii) the manifold X is the manifold of objects; 

iii) source map, target map and identity map are defined respectively via 

sgkx{9,x): tGt<x{9,x): ^ gx, i.Gt<x{x): =(e,x); 



where the equivalence relation ^ is simply 

Ua[3 X G 3 {a,ma,ga) il3,mf3,gp) G Uap x G 4^ 
Hence, by the theory of ordinary principal bundles, it follows 
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iv) the product is defined via 

{9i,g2x){g2,x): = {gig2,x), x <E X, gi,g2eG. 

Now consider local trivializing data (il, £^,$0/3) over M with values in G t< X. First 
of all, there is a family of maps from the open set Ua of the cover il to X, and Cech 
cochains $q.^ over nontrivial intersections Uap of any two open sets Ua and Up. Notice 
first that every cochain can be written as 

fo/sM = ($^^(m),$f'^(m)), 

where 

'i>'^p: Uap ^ G, -f^p-.Uap-^X. 
It follows from Condition a) of Definition B .41 that 

SGIXX O ^aP = ^aP = £/3, ^GxX O ^ap = ^'a/jE/S = £a- 

Hence, Condition a) of Definition l3.4l establishes a relationship between the maps and 
the G-component of the cochains $0/3: 

(3.5) £„(m) = $^^(m)e^(m), Vm e Uap ^ 0. 

Examine now the cocycle condition for the cochains ^ap- take any three open subsets 
Ua, Up and U^ of the cover il, such that their triple intersection Uap-y is nontrivial, then: 

<^ ($^^(m),e^(m)) = ($^^(m), $^^(m)e^(m)) ($^^(m), £T,(m)) , m G 
whence the cocycle condition for the G-valued cochains ^ap- 

(3.6) ^a^M = $^^(m)$^^(m), Vm e 

Let me describe now the trivial bundle e* Wgkx: by definition, a pair 

{m,{g,x)), meUa, {g,x)eGt<M, 

belongs to the trivial bundle e* Wgxx if and only if 

Eaim) — gx ^ X = g~^ea{m). 

Hence, the trivial bundle e* Wgkx can be diffeomorphically identified with the trivial G- 
bundle Ua x G via the map 

^IMgkx 3 {m, (g, g^^Saim))) (m, 5) e x G, 
with inverse given by 

UaXG3 (to, g) 1^ (to, (5, g^'^eaim))) e e'JJgkx- 

Furthermore, the isomorphisms ipap, induced by the cocycles ^ap, between the restric- 
tions of the trivial bundles to the (nontrivial) intersections of the open sets they are defined 
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over take the following form, when identifying the trivial bundles s'^Ugkx with the trivial 
G-bundles Ua x G: 

^ {m,<^a0{m){{g,g~^e0(m))) ^ 

= {m, {^'^pim)g,g-'^<^(3a{m)eaim))) = 

= {m, ($^/3M.9, (^a/3M5)"'£a(m))) h 

^ (m,$^^(TO)5) e ;7a/3 X G; 

notice that I made use of Equation i3.5\ . 

Hence, the isomorphisms ipafj reduce to the isomorphisms between trivial G- 
bundles induced by the G- valued cocycles and thus they give rise to a prin- 
cipal G-bundle P[f over M. 

Since the manifold X is acted on from the left by G, one can form the associated fibre- 
bundle y-G X with typical fibre X, and Equation \3.5\ implies that the functions Sa 
glue together to form a global section of xq X. To prove this, recall the construction 
of associated bundles: given a principal G-bundle P over M and a manifold X, acted on 
from the left by G, one can form the quotient space of the product manifold P y. Xhy the 
right G- action 

{{P,x),g) {pg,g^^x); 

the projection ttx is given by 

'^x{[p,x]) : = 7r(p), 

TT being the projection of P onto AI. Given trivializations (pa over open subsets Ua, be- 
longing to some open cover il of M, trivializations (j>-^ of the associated bundle P^ X-g X 
are then 

where pr^ denotes the projection from Ua x G onto G; it is not difficult to verify that the 
map is well-defined and that it is invertible, with inverse explicitly given by 

It is also easy to verify that the transition maps w.r.t. the above trivializations are simply 
given by 

Uaf3 X X 3 (m, x) '^^^ (to, <^a0{m)x) € Ual3 X X, 

being the transition functions of the bundle P associated to the trivializations (pa- 
Given now a section i] of the associated bundle P^ XqX, since nx orj = idM, consider 
the composite map 

Va- ^ Pa °V-Ua T^X^{Ua) ^UaX X, 

which takes the form 

ria{m) = {m,ea{m)), 
for Ea a smooth map from to the fibre X. Now, since 



PRINCIPAL BUNDLES WITH GROUPOID. 



23 



on the intersection Uap, it follows 



and the last identity takes the form 

£a{m) = $Q/3(TO)e/3(m), Mm e Uap, 

which is exactly Equation (13. 5> . 

On the other hand, given a principal G-bundle P with trivializations tpa over an open 
cover il, a family of functions associated to il, with a behaviour as in Equation ( 13. 5> . 
gives rise to a global section 77 in the following way: any point m in AI belongs to some 
Ua, because il is an open cover of M, then 

77(771): = [ip~'^{m,e),ea(m)\ e-K^^iUa). 

The section is well-defined, because, picking up another trivialization and function ep, 
then 

ifp^{m,e),£p{m) = [Lp'^'^{m,<^>ai3{m)),£,3{m)\ = 

= [<p~^ (771, e), £0(777)] , WmeUaf}- 
Thus, I have proved the following important fact: 



A principal bundle P over a manifold M with structure groupoid the action 
groupoid G tK X, for a Lie group G and a manifold X acted on from the left by 
G, trivializable over the open covering il, is equivalent to a principal G-bundle P 
over M, triviaUzable over the same covering, and a global section 77 of the associ- 
ated bundle P X; such a bundle I will call an X-pointed principal G-bundle 
over M. 



Let me consider some particular examples. Consider an 771-dimensional manifold M, 
and consider the obvious representation of G = GL{m), the general linear group of R"*, 
on M'"; this induces in turn representations on the dual of K™, on tensor powers of 
and/or its dual, on exterior powers of R™ and/or its dual, etc. . . Then, it is easy to verify 
the following equivalences: 

i) X — M™; then, the choice of a global vector field on M corresponds to a prin- 
cipal G X X-bundle over M. So, in particular, paracompact manifolds admit al- 
ways such bundles. Specifically, the principal Gi( 777) -bundle is the frame bundle 
GL{M) of M and the associated bundle is TAf, the tangent bundle of M. 

ii) X = /\™(]R™)*; then, the choice of an orientation of M corresponds to a prin- 
cipal G K X-bundle over AI. This causes, by classical arguments, a reduction 
of the structure group GL{m) to SL{m), and the principal bundle in question 
corresponds to the bundle of oriented frames SL{M) over M, and the associated 
bundle is the line bundle A"" T* M. 

iii) X = Sym?,Q(777), the space of positive-definite, symmetric bilinear forms on R™; 
then, the choice of a Riemannian structure on M corresponds to a principal G x X- 
bundle over M. Again, paracompact bundles admit always such bundles. Again 
by classical results, the principal bundle in question is a GL(r77)-bundle, which 
admits a reduction to the orthonormal group 0{m)\ thus, the bundle is simply 
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0{M), the bundle of orthonormal frames over M, and the associated bundle is a 

subbundle of(g)^ T* M. 
From the previous examples, one sees that in fact principal bundles over action groupoids 
encode many informations about the geometry of the base manifold. 

3.3.4. Some explicit constructions of principal bundles with structure groupoidQ{P). Re- 
call first the main features of the gauge groupoid Q{P) associated to an ordinary principal 
G-bundle P ^ X, for a smooth manifold X and for a Lie group G (notice that the defini- 
tion of gauge groupoid makes also sense for a principal bundle with structure groupoid: 

i) The manifold of arrows of Q (P) is set to be the quotient manifold of the product 
P X P w.r.t. the diagonal action of G. 

ii) The manifold of objects of Q (P) is set to be the base manifold X of the bundle P. 

iii) The source map, resp. the target map, of G{P) is set to be 

Sg{p){\pi,P2]) ■■ =7r(p2), resp. t6(p)(bi:P2]) : =n{pi), 

where tt denotes the projection of the bundle P. Notice that, by their very con- 
struction, both maps are well-defined; moreover, since tt is a surjective submer- 
sion, both maps sg(p) and ig(p) are also surjective submersions. 

For the construction of the unit map of Q{P), consider an open cover il of X, 
such that P is trivializable over any open set of II; thus, smooth sections aa of P 
over any open set Ua can be constructed, and one can set 

''e(P)(a;): = Wa{x),aaix)] , x e Ua- 

It is not difficult to verify that the unit map is well-defined, i.e. it does not depend 
on the choice of the section. 

iv) The product in Q{P) is constructed by means of the division map of P as follows: 
consider two composable elements of G{P), say [pi,p2] and [qi,q2], in the sense 
that 

Sg(p){[pi,P2]) = 7r(p2) = 7r(gi) = tg;(P)([9i> 92]) ■ 
Hence, by the very definition of the division map, it follows: 

P2 = qi<pp{qi,P2), or qi=P2<pp{p2,qi)- 

Thus, it makes sense to set 

bi>P2] [gi,?2]: =\pi<i)p{P2,qi),q2]- 

It is not difficult to verify that the 5-tuple (5(P), X, sgjp), fgjp), tg(p)) defines a Lie 
groupoid, which is called the gauge groupoid of the principal bundle P. 

Before going into the details of the construction of principal bundles with groupoid 
structure Q{P), notice that the manifold of arrows of Q{P), endowed with the natural pro- 
jection tg(p) onto X, may be given another interpretation in terms of associated bundles. 
In fact, observe first that the total space P of the (ordinary) principal G-bundle may be 
viewed as a left G-space, where G acts smoothly; namely, set the left G-action to be 

{g,p) ^ p^{g)p: =pg~'^. 

Hence, one can consider the product manifold P x P with the following right G-action: 

{{pi,P2),g) 1-^ {pig,g~^P2) = {pig,P2g)- 

Taking the quotient of P x P by the diagonal action of G and considering the map from 
the quotient space to X given by 

[pi,P2] ^ 7r(pi) 
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shows that the manifold of arrows of the gauge groupoid is the total space of the associated 
bundle PxgP, defined by considering P as a left G-space as pointed out above; the target 
map is then simply the projection from the total space onto the base space X. 

For later purposes, let me compute the transition functions of the associated bundle 
P Xq P; thus, consider an open trivializing cover il of P, with trivializations (p^ and 
associated transition functions ^^p- In order to avoid cumbersome notations, denote the 
transition maps of P xq P associated to the transition maps resp. the trivializations 

of P Xg P associated to the trivializations ip^, by ^^^ff\ resp. by v^a^^^; it is well-known 
that both transitions maps are related to each other by the formula 

^siP) _ „L (a,p ) 

G(p) ( Q{P^\^^ 

whence it follows that the composite maps ° ( 1 take the explicit form 

S(P) / S(P)\ 

Last, recall (Q) for details) that the set T{X, P Xq P) of sections of the associated bundle 
P Xg is in one-to-one correspondence with the set C°°{P, P)'^ of G-equivariant maps 
from P to P, where the G-equivariance has to be w.rt. the right G-action of G on P and 
the left action pp ; this is equivalent to the following requirement 

^T(,C°-{P,Pf, ^peP, VgeG, r{pg)^p'^{g-')r{p)^T{p)g. 

Moreover, observe that the composite map tt o t from P to X is G-invariant and is obvi- 
ously smooth. 

Translating this in the language of groupoids, the set T{X,P Xq P) is in one-to-one 
correspondence with the bisections of the gauge groupoid Q{P). 
Two principal bundles over X. 

I construct in the following two principal bundles over X with structure groupoid G{P), 
associated to a particular choice for the local momenta £„. Consider an open cover 11 of 
X, in such a way that the G-bundle P is locally trivializable over any open set Ua in the 
cover il. I borrow the notations for trivializations and transition maps of P w.rt. open 
cover il from above; notice that the (local) section of P canonically associated to cp^ will 
be denoted by cr^. Since I make an extensive use of the division map, it is better to write 
the expHcit relationship between the local sections and transition maps 

*r/3(a;) = 0p(CTr(2;),(T|'(a;)) , xeU^p- 
A natural choice for the local momenta £„ is simply: 

• — • ^ > X^ 

i.e. the natural inclusions of the open sets Ua into X. 

Consider a general cocycle with values in G{P), associated to the local momenta 
Ea- First of all, any component of the cocycle is a smooth map from Uap C X to the total 
space of the associated bundle P Xq P; moreover, it has to satisfy 

tg(P) o $c«/3 = = id, 

whence it follows that ^a/i represents a smooth section of P Xq P over Ua/3. By the 
arguments at the beginning of this subsection, is determined by a G-equivariant map 
Ta/3 from P, restricted to Uap, to P. Moreover, since 

sg{p) o $a/3 = id, 
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it follows that Taf3 preserves the fibres of P, hence it is a smooth G-equivariant map from 
P restricted to {7a/3 to itself, which is moreover known to be invertible. 
Hence, a general cocycle takes the form 

where T/Jq hes in the gauge group of P restricted to Ua/^. 
Now let me check the cocycle condition: 

^ai3{x)<^>i3j{x) = [a^{x),Ti3a{a^ix))] [al^{x),T.fi3{a^{x))] = 

= ['^aix)(l>p{ri3a{a^ix)) ,cr^ (x)) ,T^p{(7p (x))] = 
= [(^^{x),T^p{a^{x)) (t)p{a^{x),Tf}a,{cFa(x)))] = 

= V^ai.x),T^p{Tfla{<y^{x)))] = 

Hence, it follows that the local gauge transformations Tap satisfy the cocycle condition 

Since gauge transformations on P are in bijective correspondence with smooth G-equivariant 
maps from P to G (G viewed as a G-space via conjugation), one has G-equivariant maps 
from P restricted to Ua0 to G, which satisfy the cocycle condition 

There are many possible candidates: consider e.g. the two following cocycles: 
i) 

(3.7) r^cip): ^{{vj^y'o^Pyp), Vp e P\u^„ 
or 

ii) 

(3.8) Tap{p)=T{p), ya,p, ypeP. 

Notice that the second case corresponds to a global gauge transformation, i.e. a G-equivariant 

morphism from the bundle P to itself. In general, observe that the trivial bundles £*JAg(^p-^ 
may be identified with the product manifolds [/„ x P. Namely, by its very definition, a 
general element of £a^g{p) takes the form 

{x;\pi,P2\) , UaBx = n{pi), 

whence 

Pi = (Ta{x)(j)p{aa{x),pi) =^ {x; [pi,P2]) = {x; [<7a{x),P2(t)p{Pl,CTa{x))]) . 

Therefore, it makes sense to define the (smooth) map from the trivial bundle £*aUg(^p) to 

Uoc X P : 

(3.9) S*cMg{P) 9 {X\ [pi,P2]) ^ {x,P2(f>p{pi,(Ja{x))) GUaX P, 

which is invertible, with (smooth) inverse given by 

UaX Pb {x,p) h^. {x; [aa{x),p\) . 
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Consider now any two open subsets Ua and Up with nontrivial intersection Uap', the dif- 
feomorphism (pap, induced by a general cocycle takes the following form on the 
trivial G-bundle Uap x P: 

Ua0 X P 3 {x,p) ^ {x, [af3{x),p]) 1-^ 

{x,<^afi{x)[(Jp{x),p]) = 

= ix,[aa{x),Tpa{cra{x))] [ap{x),p]) = 
= {x, [aa{x),aaix)^lp{aa{x))] [ap{x),p]) = 
= {x, [aa(x)(j)p{cra{x)<Plf^{aa(x)),ap{x)) ,p]) = 
= {x, [aa{x),p(l)p{ai3{x),aa{x)<^lp{aa{x)))]) = 
= {x, [(7«(a:),p$^„(a;)$;0(a„(x))]) 
^ {x,p'^pJx)^lpiao.{x))) e Ua^p X P, 
It is not difficult to verify that the maps 

U^p3x^ <^>^^;{x): = {^j^A^)Kf3i'^Ux))y' G G 

satisfy the cocycle identity, hence they define a smooth (ordinary) principal G-bundle over 
X, which I denote by P^ (so as to make explicit the dependence on P (through the tran- 
sition maps and the family of gauge transformations t^q), by the usual gluing pro- 
cedure, and hence the total space of the principal C/(P) -bundle may be identified with the 
associated bundle Pr Xq P', the (right) momentum of the principal C/(P) -bundle Pr Xq P 
is simply 

[Pr,p] ^ 7r(p) e X, 
and the right Q (P)-action on P,- Xq P takes the explicit form 

Pr XqP 3 br,p], [Pl,P2] G Q{P), 7r(p) = 7r(pi) ^ [pr,P2(f>p{Pl,P)\ ■ 

The preceding formula may be checked directly by twisting the action of Q{P) on the 
trivial bundles s*JJg(^p) by the diffeomorphisms ( 13. 9> . 

If one considers now e.g. the cocycle ( 13. 7t . one sees that any o cr^ equals 
hence the cocycle reduces to the identity element e of G, independently from the 
choice of indices a, (3. The bundle Pr is thus simply the trivial principal G-bundle X x G, 
and accordingly the associated principal ^(P) -bundle Pr Xg P is given by the 4-tuple 
{X X P, prj^, TT o prj, X). Consider now the cocycle (13. 8> for r — idp, then it follows 
easily 

whence it follows that Pr = P, and it is immediate to verify that the associated principal 
(7(P)-bundle is simply P xq P, which, by previous arguments, equals the unit bundle 
l^g(p) itself. For a general global gauge transformation r (which obviously induces a 
family of local gauge transformations obeying the cocycle condition), one gets a bundle 
Pr in the same isomorphism class of P, hence, the tJ(P)-principal bundle may be also 
canonically identified with the unit bundle Ug^py 
Two principal bundles over P. 

Consider the base manifold of the tJ(P)-bundle to be M = P, the total space of the 
principal bundle defining the gauge groupoid G{P)- Consider an open cover il of X, the 
base space of P, which is assumed for simplicity to be a trivializing cover; I borrow the 
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notations for trivializations, transition maps and sections of P w.r.t. il from the preceding 
paragraph. Then, take the open cover of P with elements given by 

It makes thus sense to consider the local momenta 

e„ : ^ X, 

p tt{p) G Ua Va. 

Therefore, with this choice of cover and local momenta, a cocycle on P with values in 
G{P) is is represented by maps from any nontrivial intersection Vap (which is contained in 
the restriction to Uap of P) to the total space of the associated bundle P Xg P, satisfying 

Notice that any representative of a general cocycle may be viewed as a local section 
over Va/3 of the pull-back w.rt. ig(p) of the associated bundle P Xq P over X. 

Therefore, a natural choice for a local section of i^^p-, {P xq P) over Vap would be the 
section induced by the cocycle represented by 

(3.10) Va.p3p^^^p{7T{p)) e PXgP, 

where is a general cocycle for G{P) over X. In the preceding paragraph, given a 
trivialization of P over X, the general shape of such cocycles was computed: 

for a family of local gauge transformations satisfying the cocycle relation 

Tpj O Tap = Taj. 

As in the preceding paragraph, it is better to work with G-equivariant maps with 
values in G canonically associated to the gauge transformations Tap', as seen before, these 
also satisfy some cocycle condition. Consider now e.g. the two cocycles i3.7\ and (13. 8> of 
the preceding paragraph, the induced cocycles j3.10> take the respective shapes: 

(3.11) 

^^piHp)) = K(7r(p)),a^(7r(p))] = [(T„(7r(p)), CT„(^(p))$^^(7r(p))] , p G Vap, 
(3.12) 

^f/3(7r(p)) = K(7r(p)),CTa(7r(p))] = Lg{P)in{p)), p G Vap- 

Keeping these results in mind, one finds the following expression for a possible cocycle on 
P with values in G{P)'- 

VapBp^ [<T^{7r{p)),'^a{Hp)Wa(3i'^aiHpM • 

Notice, additionally, that there are also diffeomorphisms between the trivial bundles e*aUgi^ p) 
and Va X P: namely, a general element of a trivial bundle takes the explicit form 

£*a^g{P) 3 (P; [P1.-P2]) , 7r(p) = 7r(pi) ^pi ^p(pp{p,pi), whence 

{p; [p,P2(l>p{pi,p)]) ^ {p,P2(t)p{pi,p}) G Vq X P, 
its inverse being simply 

VaX P3 {p,q) {p; [p,q]) G SaUg^p). 



PRINCIPAL BUNDLES WITH GROUPOID. 



29 



With this identification, let me compute the transition maps between the ordinary trivial 
bundles Vap x P associated to the cocycle $q,/3 as above: 

Va/3 X P 3 (p, q) (p; [p, q]) £ £yjg(p) ^ 

= {p- K{n{p)),a^Mp))K0M<p)))\ [p,q\) = 

= (p; [<J^{TT{p))4>p{a^{n{p))^lp{ao.{n{p))),p) ,q]) = 

= (p; [a^{7rip)),q^p{p,a^{7T{p)))) $;^(a„(^(p)))] ) = 

= (p; [p,#p(p,'7f (7r(p))) 'I>j;^(CTa(7r(p)))0p(cr„(7r(p)),p)]) = 

= (p,PpK/3(p)"')9) eF„;3xP. 
By the previous arguments, it follows easily that the maps 

Vc^p 3p^<^>lpipy'^ e G, 

define a cocycle in G over P w.rt. the open cover 03. 

Thus, by the usual gluing procedure, a smooth principal bundle Pr over P arises, and 
consequently the principal 5(P)-bundle over P defined by the family of gauge transfor- 
mations Tq/3 is simply the associated bundle Pr X-g P, with momentum map given by 

[Pt,p] ^ 7r(p), 

and right C7(P)-action given by 

PrXoPB [Pt,p], [pi,P2] e g{P), tt{p) = 7r(pi) ^ 

[Pt,p][P1,P2]- = [pr,P24)p{Pl,p)] e Pr >^ G P- 

In particular, consider the cocycle (13. lU : then, the transition maps of the bundle Pr are 
simply the pull-backs of the transition maps of the bundle P, meaning that Pr is in this 
case the tautological bundle tt*P over P, and therefore the associated bundle Pr Xg P is 
simply the pull-back of P Xg P w.rt. tt and the principal t/(P)-bundle is the pull-back of 
the unit bundle w.rt. the target map of Q{P) itself. 

On the other hand, consider the cocycle ( I3.12> : then one sees immediately that the 
transition maps of the bundle Pr equal the identity maps, therefore the principal Q{P)- 
bundle specified by is in this case is given by the 4-tuple {P x P,pri, tt o prj, P), with 
right t/(P)-action given by 

PxP3{pi,p2), [pi,P2]eg{P), 7r(p2) = 7r(pi) ^ 

'-^ {Pl,P2) [Pl,P2] ■■ = {pi,P2(f>p{pi,P2)) ■ 

3.4. Morphisms of principal bundles. In this subsection I discuss morphisms of princi- 
pal bundles over the same base manifold AI and with the same structure groupoid from 
a local point of view; in fact, the global point of view was already discussed extensively 
in 1181 . constructing a generalization of gauge transformations. I borrow the main nota- 
tions and definitions from 1 18|: so, given two principal bundles P and Q over AI with 
structure groupoid Q, a morphism E between them is a (right) (?-equivariant map, preserv- 
ing projections and momenta. 
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I consider an explicit morphism E from P to Q; in 1 18 1, it was shown that E is au- 
tomatically invertible by a global argument, and I denote by the unique map from 
P Q Q to Q, equivariant with respect to right CJ-^ -action on the fibred product P G Q and 
the (right) generalized conjugation on Q; see LI 8,1 for a complete description of such maps, 
called generalized gauge transformations, and their relationship with (iso)morphisms be- 
tween principal bundles over the same base space and with the same structure groupoid. 
Consider an open covering il of M, such that there are sections u^, resp. u^, of P, resp. 
Q, over Ua', as usual, denote by e^^, resp. e^, the local momenta ei o cr^, resp. 62 o cr^, 
and by resp. the transition functions w.r.t. the trivializations of P w.r.t. the local 
sections ct^, resp. of Q w.r.t. the local sections cr^. Define the following maps 

where Kj^ is the generalized gauge transformation associated to S. 

Proposition 3.10. The local maps enjoy the following properties: 

i) ( Compatibility with local momenta) 

tgoT,a=el, sgoY,a^ei. 

ii) (Coboundary relation) 

^f3{x) ^^laix)Ea{x)<S>lp{x), \/xGUa0, 

provided Ua and Up intersect nontrivially. 

Proof. I refer to 1 18| for the properties of generalized gauge transformations. Then, the 
compatibility with local momenta follows and the coboundary relation follow immediately 
from the (global) compatibility of generalized gauge transformations with (global) mo- 
menta and from the ^^^-equivariance of generalized gauge transformations, recalling that 

□ 

The very definition of Eq implies that 

where </?^, resp. (p^, is the trivialization of P w.r.t. the local section cr^, resp. of Q w.rt. 
the local section a^- 

More abstractly, it makes sense to introduce the following 

Definition 3.11. Let ^il, e^, resp. ^il, e^, be two local trivializing data over 

M with values in the groupoid G, with the same open covering il. 

A local morphism T, from ^it, e^, ^ai3^ ^a; ^a/s) ^ family of maps Ec from 

Ua to G, such that the following requirements hold: 

a) T,a puts the local moments Sa and in relationship as follows: 

tgoT,a=el, Sgoj:a = ei. 

b) For any two nontrivially intersecting open sets Ua and Up, the nonabelian Cech 
cocycles ^1^^ and are cohomologous w.r.t. E: 

T.f3{x) =^laix)^a{x)^lp{x), WxeUap. 
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By the previous computations, and since by Theorem 13. 81 the local trivializing data 
^il, el^, ^af}^ and ^il, £„, give rise to principal (y-bundles P = Pa and Q = Qa 

respectively, it is natural to argue that the the morphism S should give rise to a morphism 
from P to Q, which I denote also by E, as follows by 

Theorem 3.12. Given two local trivializing data over M with values in the groupoid Q 
^11, *^i/3)' ^^SP- ^a(3^' ^'^'^ Same open covering it, and a morphism E 

between them in the sense of Definition 13.771 there is a morphism E from P to Q, the 
principal Q-bundles associated to (^,£]^,^]^i^ and respectively. 

Proof. Recall the construction of P, resp. Q, from the proof of Theorem l3.8l 

a a 

where the equivalence relation is induced by ^\^p, resp. Given a family Eq, define 

the morphism E by the following rule: 

T,{[a,x,g\) : = [a, a;, Ea(a;)g] , xeUa, g^G, £i{x)=tg{g), 

where the right-hand side of the previous equation has to be understood in Q. 

First of all, one has to check that E is well-defined, i.e. that it does not depend on 
the choice of the representatives and that, for {a, x, g) in e]^Ug, the triple (a, x, Y.a{x)g) 
(which is well-defined since o Eq = e\) belongs to e^Ug. The second statement 
follows immediately from the relation o E^ = e\. As for the first statement, let 

W,x,g] = [/3,y,gi]; 

then X — ym Uap and gi = $^^(a;)^, whence it follows 

[/3,2/,E^(y)5i] = [/3,x,E0(x)$iJx).g] = 
= [/3,2;,$^„(x)E„(a;)5] = 
= [a,x,T.a(x)g] . 

That E preserves projections and momenta and is ^/-equivariant, it follows immediately by 
the definition of the projections, momenta and right (^-actions for P and Q. □ 

Therefore, the combined results of previous computations and Theorem 13.121 can be 

res umed as follows: 

There is an equivalence between morphisms of principal bundles over the same 
base space M and with the same structure groupoid Q in the sense of 1 15 1, 1 18 1, 
triviaUzable over the same open covering il, and local morphisms between local 
triviaUzing data over the same manifold M with values in the groupoid Q in the 
sense of Definition l3.111 

3.4. 1 . Examples of morphisms of principal bundles. 

Principal bundles with a Lie group G as structure groupoid. Given a Lie group G, 
viewed as a (trivial )Lie groupoid over a point {*} and a manifold M, it was proved in 
Subsubsection 13 . 3^ that a principal bundle P with structure groupoid G over M is the 
same as a principal bundle with structure group G over M. Now, let me consider local 

trivializing data ^il, e^, ^^.fjj and {ik, e^, over M with values in G; then, clearly all 
local momenta e\ and are trivial. Consider now a local morphism E from ( il, e;|j , <^\p j 
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to ^il, £q, ^apj in the sense of Definition 13.1 II the compatibility between the maps Sq, 
and the local momenta are hollow, since the local momenta and the target and source map 
of G are trivial. It remains to check the significance of the nonabelian cohomological 
condition, namely: 

By classical arguments of the theory of usual principal G-bundles, it follows that E defines 
a morphism between usual G-bundles, whence 

Local morphisms E between local trivializing data over AI with values in the Lie 
group G, viewed as a trivial Lie groupoid, correspond to (iso)morphisms between 
usual principal G-bundles. 
Principal bundles with the action groupoid G x X as structure groupoid. Consider 
a Lie group G acting from the left on the manifold X, and the associated Lie groupoid 
G « X, the action groupoid; consider furthermore a manifold M. From the results of 
Subsubsection l3.33l one knows already that a principal bundle P over M with structure 
groupoid G K X correspond to an X -pointed principal G-bundles P over M; the X-point 
of P is a global section of the associated bundle P XqX. Given now two local trivializing 

data ^11, e\, ^^f^^ and ^11, e^, over M with values in the action groupoid G k X, I 

consider a local morphism E between them. Decomposing the maps and Eq, as 

K^im): ^ {€pM,^^,\m)) , E„(m) = (E«(m), Ef (m)) , 
with maps 

€0--U.0^G, <i>^i;:U^,^X, 

'■ Ua ^ G, E^ : Ua X^ 

where, again by the computations done in Subsubsection l3 .3 !3l <i>^^' = e^, then the com- 
patibility condition with local momenta in Definition l3.11l implies immediately 

[sgkx o Sa) (m) = SGKx(S^(m), Y.^{m)) = 

and 

(iG><xoE„)(m) =<G><x(S^(m),Sf M) = 
= E^(m)ei(m) = 
= £^(m), Vm e J7q. 

On the other hand, the nonabelian cohomology condition in Definition l3. 1 ll can be rewrit- 
ten as follows: 

E^(m)- (EG(m),4(m)) = 

= (<i>^^(m),e2(^)) ($5,1 (m), 4 (m)) = 

= (ci>^^(m)E^(m)a>;;^(m),4(™)) , Vm £ U^p, 
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where I used T,^{m)el^{m) = ^l^i'm). Hence, one gets the nonabehan cohomological 
condition with values in the Lie group G: 

which corresponds to an isomorphism E of principal G-bundles. On the other hand, the 
identity 

has a significance: in fact, the local momenta are the local realizations of global sections 
rji of the principal G-bundles Pi associated to the local trivializing data ^H, e^, $0/3^ , the 
so-called X-points of Pi, and the previous identity states that the isomorphism E, which 
induces also an isomorphism between the associated bundles Pi x ^ X by the rule 

[m,x\ [m, E^(m)a;] , x G Ua, 

(the isomorphism E is well-defined, because of the local construction of ^ and 

of the cocycle condition), maps the global section rji to 772; this is evident from the local 

co nstruction of the associated bundles. 

Local morphisms E between local trivializing data over M with values in the ac- 
tion groupoid Gt<X correspond to (iso)morphisms between X-pointed principal 
G-bundles; since an X-point of such a bundle P corresponds to a global section 
of the associated bundle P xq X, (iso)morphisms of X-pointed bundles must 
preserve X -points. 

The last condition translates, for the examples considered at the end of Subsubsec- 
tion l3.3.3l to the fact that the isomorphism of the tangent bundle, of the top exterior power 
of the cotangent bundle and of (a subspace of) the symmetric, covariant power of degree 
2 of the cotangent bundle of M preserve global vector fields, orientation forms and Rie- 
mannian metrics respectively. 

3.5. Cohomological interpretation of principal bundles with structure groupoid. In 

this Subsection, I want to point out and discuss a cohomological interpretation of principal 
bundles with structure groupoids. In fact, it is well-known that isomorphism classes of 
principal G-bundles over a manifold M, G being a Lie group, are in one-to-one correspon- 
dence with the first nonabelian Cech cohomology group II^(M, G) of M with values in 
G, developed and discussed first by Grothendieck; I refer to |4|, |5 1 and for a complete 
discussion of the subject. Moreover, Hafliger |6| introduced a natural generalization of 
the first nonabelian Cech cohomology group for the case of a topological groupoid; to be 
more precise, he discussed the first nonabelian Cech cohomology group Hi(Af,5g), for 
S being a sheaf of topological groupoids. Since Lie groupoids have a smooth structure, 
I will consider here a sheaf of groupoids S over a manifold M and will define a slightly 
different notion of 1-cochains and 1-cocycles on it from the one of Hafliger; in fact, the 
two definitions are completely equivalent, although Hafliger does not mention explicitly 
the presence of local momenta, which, in my setting, makes definitions and computations 
more elegant. In fact, for any open covering il of M and for a sheaf of Lie groupoids S 
over M, 1-cochains over M with values in S are shown to receive a natural left action 
of the groupoid of 0-cochains over M with values in S, which descends to an action on 
1-cocycles: the latter permits to define in a very explicit way the notion of cohomologous 
1-cocycles as orbits of a groupoid space, and, via refinement arguments, to define non- 
abelian cohomology classes of degree 1 over M with values in the sheaf of Lie groupoids 
S. Finally, a Lie groupoid Q gives rise in a natural way to a sheaf Sg of Lie groupoids over 
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M, and local trivializing data in the sense of Definition 13 .41 modulo local morphisms in 
the sense of Definition B. 1 ll correspond uniquely to nonabelian Cech cohomology classes 
in H^(Af, 5c;), cancelling moreover the dependence on open coverings of M, proving that 
the first nonabelian Cech cohomology group (A/, Sg) classifies isomorphism classes of 
principal bundles over M with structure groupoid Q. 

Definition 3.13. Consider a smooth manifold M; then, a sheaf S of Lie groupoids over M 
is a collection of Lie groupoids S{U), for U any open subset of M, such that, whenever 
there are U, V open subsets of M such that U C V, there is a morphism pv,u of Lie 
groupoids in the sense of Definition 14. II from S{V) to S{U). Moreover, the following 
compatibility condition must hold: whenever U, V and W are three open subsets of M, 
such that [/eye W, then the following identity must hold: 

Pw,u = Pv.u ° Pw,v^ Pu,u — ^<^S{U) ■ 

Additionally, the following gluing condition has to be satisfied: assume U is an open subset 
of M, and il is an open cover of U, and assume there are local sections Sq G S{Ua), such 
that 

then, there is a unique section s in S{U), such that 

Remark 3.14. It follows immediately from Definition 13 . 1 31 that a sheaf of Lie groupoids 
can be viewed as a functor associating to any open subset U of M two smooth manifolds, 
S{U) and ^s(;7), the manifold of arrows and of objects respectively, plus (relative) target, 
source, unit and inversion maps. Moreover, the restriction maps pu,v, for U C V open 
subsets of M, consist of two maps, namely the restriction pu,v on the manifolds of arrows 
and the restriction ruy on the manifolds of objects, both compatible via (relative) target, 
source and unit maps. It follows easily that the assignments U -^e((7) and U <S{U) 
define two distinct sheaves of smooth manifolds, with restriction maps pjjy and ru,v 
respectively, for [/CI/ open subsets of AI, called the (sheaf of arrows and of objects 
respectively. In accordance to the usual terminology, I chose to denote a the manifold 
of arrows of a Lie groupoid Q by the same symbol, deserving a distinct notation for the 
manifold of objects; hopefully, this will not cause confusion. 

Remark 3.15. In f 14^, Moerdijk gives a different notion of sheaf of Lie groupoids. Namely, 
a sheaf of Lie groupoids S over M is a Lie groupoid S, with manifold of objects Sq, such 
that there are two Etale maps (i.e. local diffeomorphisms) p and po from S, resp. So, to AI, 
which are compatible with the structure of Lie groupoid of S. This notion of sheaf of Lie 
groupoids is equivalent to the one I propose; still, for computational reasons, I will stick to 
Definition imi 

Example 3.16. i) A sheaf of Lie groups is a sheaf of Lie groupoids, with trivial 
sheaf of objects. 

ii) Let AI be a smooth manifold and ^ be a Lie groupoid and consider, for U an open 
subset of AI, the sets 

C°°{U,Xg): ={/;[/-> : / smooth} , 
C°°([/,a): = {F : U ^ g : F smooth} 



PRINCIPAL BUNDLES WITH GROUPOID. 



35 



and consider the following maps 



su{F): 


= sg 


oF, 




tu{F): 


= tg 


oF, 




Ju{F): 


= jg 


oF, 


VF e C^{U,g), 




= 


of, 





and restriction maps puy and ru,v given simply by 

Puy{F): =F\u, FeC°°{V,g), 

ruyif). =f\u, .feC^iV,Xg). 

It is easy to verify that the assignments U C°^{U, G) and U C°° {U, Xg) de- 
fine a sheaf of (infinite-dimensional) Lie groupoids over AI associated to Q, which 
I denote by Sg, and which I call the canonical sheaf of Lie groupoids associated 
to Q. Alternatively, the canonical sheaf of Lie groupoids associated to Q may be 
defined as the sheafification of the presheaf of germs of smooth maps from M to 
Q (this way of constructing the canonical sheaf associated to Q makes it evident 
the relationship to the Definition in fl41). 

Consider now an open covering il of Ad and a sheaf S of Lie groupoids over A4. 

Definition 3.17. A 0-cochain E over AI with values in S (w.r.t. the open covering il) is 
given by a collection of sections Eq, in the manifolds of arrows S{Ua)- A 0-cochain S 
over M with values in 5 is a 0-cocycle, if the following identities hold: 

It is clear that, since 5 is a sheaf, that a 0-cocycle E over M with values in S is the 
same as a global section E of S, i.e. an element E of S{M). 

Remark 3.18. To give a 0-cochain E over M with values in S is equivalent to giving a 
0-cochain s over AI with values in the sheaf of arrows, S, and two 0-cochains e]_ and 
over AI with values in the sheaf of objects Xs, such that the following condition holds: 

On the other hand, a 0-cochain E over AI with values in S gives rise to two 0-cochains 
with values in the sheaf of objects, namely tu^Ci^a) and su^C^a)', these 0-cochains are 
called the target, resp. source, 0-cochain ofTj_, and are denoted by t(E), resp. s(E). 

Definition 3.19. A 1-cochain {e, $) over AI with values in S (w.r.t. the open covering il) 
is given by i) a 0-cochain e with values in the sheaf X^ of objects of S and ii) a 1-cochain 
over AI with values in the sheaf of arrows S, i.e. a collection of arrows in S{Uaf3), 
such that the following additional condition holds: 

A 1-cochain (e, $) over AI with values in 5 is a 1-cocycle, if it obeys the following iden- 
tities: 

^aa = t-U^{£a), Va; 
PU^Il,U^fi.,{^ap)pU0^,U^0^i^l3'Y) = PUo,y,U^fi-,{^ay), Uap , 11/3^, Uaj , Uapj ^ 0. 

Notice that the left-hand side of the previous identity makes sense, because restriction maps 
are morphisms of Lie groupoids. 
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Remark 3.20. For the sake of simplicity, from now on I will drop from all formulae the 
restriction maps pjj.v and ru,v, if their presence is clear from the context. Thus, the 
cocycle condition above will be written simply 

Example 3.21. Given a smooth manifold ill, an open covering il of M and a Lie groupoid 
Q, then a 1-cocycle (e, $) over M with values in Sg is equivalent to local trivializing data 
over M with values in ^: in fact, the local momenta are the components of the 0- 
cochain over AI with values in the sheaf of objects, and the transition functions are 
the components of the 1-cochain with values in the sheaf of arrows. 

Remark 3.22. Let me point out now the difference between Definition l3.19l of 1-cochains 
and 1-cocycles over M with values in a sheaf of groupoids S over M and the one given 
by Hafliger in [^. What Hafliger called a 1-cochain over M with values in S is simply a 
1-cochain over M with values in the sheaf of arrows, which I denote by the same symbol as 
the sheaf of groupoids itself; analogously, a 1-cocycle is a 1-cochain satisfying the cocycle 
identities. What is apparently missing is any information about the 0-cochain with values 
in the sheaf of objects of 5; I wrote "apparently", because the 0-cochain is hidden in the 
"diagonal sections" over In Definition 13. 191 I assumed ^aa to be a unit of the 
groupoid S{Ua), i.e. to be the image w.r.t. lu^ of a section of Xs(^(j^-j, which can be 
obviously thought as a component of a 0-cochain with values in the sheaf of objects of S, 
the so-called unit 0-cochain associated to the 1-cochain $; this is the idea that Hafliger 
had in mind, although he did not mention it explicitly. Nonetheless, I preferred to change 
the definition of Hafliger by mentioning explicitly the so-called unit 0-cochain with values 
in Xg; this has the advantage of simplifying the notion of cohomologous cocycles, by the 
arguments that I will sketch in Remark B.241 

Assume now a 1-cocycle (e, $) and a 0-cochain S over AI with values in S are given; 
assume additionally that the source 0-cochain s{Yj) of S coincides with e. 



Lemma 3.23. The 1-cochain c(E)$ j over M with values in S is a 1-cocycle, 

where 

Proof. First of all, one has 

where I used the fact that the restriction map is a morphism of Lie groupoids. Similarly, 
one proves 

Moreover, one gets 



PRINCIPAL BUNDLES WITH GROUPOID. 



37 



using the properties of the unit map and the fact that Ea — su^ (Sq.). Finally, the cocycle 
relation follows from the above computation: 

= (c(S)$)„^. 

In the previous computations, I used implicitly the fact that restriction maps are morphisms 
of Lie groupoids, along with the properties of the unit map. □ 

Remark 3.24. Notice the particular notation I used for the 1-cocycle c(S)$: in fact, the 0- 
cochain S acts on the 1-cocycle $ via generalized conjugation c. On a more abstract level, 
the set C° (il, S) of 0-cochains over M with values in the sheaf of groupoids S (w.r.t. an 
open covering il) form an abstract groupoid, with the set of 0-cochains over M with values 
in the sheaf of objects of S (w.rt. the open covering il) as set of objects, the source and 
target map of this groupoid being 

=£(E), t(S): = 

with unit map 

i(e): =t(£), i{e)a- ^ iuA^a)^ Va, 

and inversion map 

i©: = =jc/„(Sa), Va. 

Finally, the product of two composable 0-cochains Y?_ and is defined via 

(E^E^)^ : = E^S^, Va. 

The set C^{'d,S) of 1-cochains over M with values in S in the sense of Definition ITT91 
with momentum given by the projection onto C°(il, Xs) is then a left C''(il, iS)-space, 
with action given by 

(t(E),c(E)£), 

where e = s(S), and 

where I used the notations of Subsection l2.2l for the (left) generalized conjugation; notice 
that generalized conjugation makes sense here, since (e, $) is a 1-cocycle with values in 
S. Notice also that I used an improper notation, hiding the restriction maps applied to the 
components of E. Lemma l3.23l states that the previously described action of C"(il, S) on 
(il, S) descends to an action on (il, S) of 1-cocycles over M with values in S. 

Definition 3.25. Two elements (e^, $i) and (e^, $i) of (il, S) are said to be cohomol- 
ogous, if there exists an element E of C°(il, S), such that 

I will call the class of (e, $) in (il, iS) by the previous equivalence relation the cohomol- 
ogy class of (e, and I will denote it by [e, $] . The set of all cohomology classes (e, $) 
of elements of Z^ (il, S) is called the first nonabelian Cech cohomology group of S w.r.t. 
the open covering il, and is denoted by (il, S). 

Remark 3.26. It is clear that the first nonabelian Cech cohomology group of S w.r.t. il is 
the quotient space of (il, S) w.r.t. the left action of C°(il, S) described in Remark l3.24l 
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Consider a smooth manifold M and a Lie groupoid Q. As I have proved previously, 
fixing an open covering il of M, elements of (il, Sg ) are in one-to-one correspondence 
with local trivializing data over M with values in C?; it is also clear that a local morphism 
E between two such local trivializing data in the sense of Definition 13. 1 II corresponds to 
the fact that the corresponding elements of Z^{il, Sg) are cohomologous w.rt. S. Hence, 
given an open covering il of AI, one gets the following result: 

The first nonabelian Cech cohomology group H^(il, 5g) over M with values in 
the canonical sheaf of groupoids associated to G is in one-to-one correspondence 
to isomorphism classes of principal bundles with structure groupoid Q, trivialized 
w.r.t. the open covering 11 

So far, I have discussed the first Cech nonabelian cohomology group over M with values 
in a sheaf of Lie groupoids with a particular choice of an open covering il of M. But, as 
one can see directly from the above correspondence between this cohomology group and 
principal bundles with structure groupoid, there arises one problem, namely, one could 
consider different open coverings of AI, leading to different local trivializations of such 
principal bundles, leading in turn to a priori different and unrelated first Cech nonabelian 
cohomology groups, which are but related to the same objects. Solving this problem leads 
to the definition of the first Cech nonabelian cohomology group H^(M, S), for a sheaf of 
Lie groupoids S over Ad. 

Definition 3.27. Given two open coverings il and QJ of M, 03 is said to be a refinement of 
il, if, denoting by /, resp. J, the set of indices of il, resp. 2J, there is a function / from J 
to /, such that 

V.^Uf^,), VjeJ. 

Equivalently, one says that the open covering 53 is finer than il, and this property is denoted 
by il < 03. 

In order to avoid notational problems, let me switch momentarily from Greek indices for 
open coverings to Latin indices; in particular, given an open covering il and a refinement 
03 thereof, the respective sets of indices will be denoted by / and J, respectively. 

Now, assume we are given an element E of C°(il, S), for il an open covering of AI, 
and a refinement 03 thereof, with associated function /. The function defines a map /* as 
follows: given an element E of C'^(03, S), its image w.r.t. /*, denoted by /*E, is defined 
as 

(r E), : = PC/,,,, ,y, (S/o-)) e S{V,), Vj e J. 
(The preceding operation of restriction makes sense, since Vj C Uf(j-j, and ^f(j) G 
The map / defines in a similar way a map /* on C''(il, Xg) by the rule 

(/*e)j : - ^c//u),v,(e/0)) £ Vj e J. 

Recall by Remark [3 . 241 that, for any open covering il of AI, C'~'{ii,S) has the structure 
of a groupoid over C°(il, Xg). Since restriction maps are morphisms of Lie groupoids, it 
follows easily that the source and target 0-cochains of E obey 

moreover, given an element e of C°(il, Xg), it is easy to verify that 

and /* commutes obviously with the inversion map. Finally, it is clear that 

/*(E^) =/*(Ei)/*(E!), 
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for any two composable 0-cochains and in C°(5I, S). All these computations can 
be summarized in the following 

Lemma 3.28. Given an open covering il of M and a refinement 2J thereof with associated 
function f, the map f* is a morphism of groupoids from (7*^(11, S) to C°(QJ, S). 

The shape of this morphism depends explicitly on the choice of the map /; still, one 
could in principle consider the same refinement QJ of U, but a different map, say 5 : J — > /, 
such that, for any j G J, the inclusion holds 

Such a map g determines a morphism g* from C°(U, tS) to C"(2J, 5), which is a priori 
distinct from the one induced by /. Still, considering the 0-th nonabelian Cech cohomol- 
ogy group H° (il, S) of 0-cocycles over AI with values in S (w.r.t. the open covering M), 
it is easy to prove that it is also a groupoid over the set of objects Z^{ii, Xg), consisting 
of all 0-cocycles over M with values in Xg, because restriction maps are morphisms of 
groupoids. A choice of a map / associated to il < 2J defines a morphism /* of groupoids 
from H°{ii,S) to iJ"(QJ,5). 

Lemma 3.29. Given an open covering il of M and a refinement 2J thereof and two maps 
f,g'. J —> I, such that, for any j & J , Vj Q U f(^j) and Vj C Ug(^jy then 

f*=g* onH°{ii,S). 

Proof Since, for any j G J, Vj is contained in and it follows Vj C Uf(^j-^g(^jy 

Since any element S satisfies 

it follows, for any j e J, 

whence the claim follows, by restricting further toVj. □ 

Consider now an open covering il of M and a refinement QJ thereof, with a map f : J ^ 
I. Then, / determines a map /* from (il, S) to (03, S) as follows: 

where 

: = Pc//bo)/Oi).^.,wi (*/Oo)/Oi)) > Vjan 0. 
(The previous definition makes sense, since V,^ C Ufi^j^y whence Vj^j^ C U f(^j^)f(^j^y) 
That /* is in fact a map from C^(il, <S) to C^(2J, 5) follows again from the fact that 
restriction maps are morphisms of Lie groupoids. By the very same reason, /* restricts 
to a map from Zi(il,5) to Z^{'^,S). 1 recall from Lemma ITI^ that Z^{il,S) is a left 
C°(il,5)-space. 

Lemma 3.30. For an open covering il of M and a refinement 2J thereof with a map 
f : J ^ I, f* defines a twisted equivariant map from the left C*^ (il, S)-space (il, S) to 
the left (7*^(01, S)-space Z^(QJ, S), w.r.t. the morphisms of groupoids /*. 

Proof. It suffices to prove, for any element E of C°(il, 5) and (e, $) of Z^(iX, 5), such 
that s(S) = e, that the following equality holds: 

r(s(£,$)) = r(s)r (£,$). 
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Writing down explicitly the left-hand side of the previous equation, one gets: 



= (rws)),r(c(s)£)) 



By the very definition of /* acting on Z^{il, <S), and since /* is a morphism of groupoids, 
it follows immediately 

On the other hand, 

n<^)^)jon = (^(^)*)/Oo)/0.) = 

= ^/oo)*/oo)/(ji)5^7oi) = 

= (rs),.,(r$),.„,((rs),,)-^ = 

= (c(/*E)/*$),^,^ . 

□ 

Therefore, a refinement 53 of any open covering ii of M, together with a map / : J ^ I, 
defines a map between first nonabelian Cech cohomology groups with values in S by 

/*([£,$]): =[/*(£,!)], 

for any cohomology class [e, $] in (il, S). 

Let me come now to the main point of the construction. 

Lemma 3.31. Consider, for an open covering Hof M and a refinement 03 thereof, two 

maps f, g: J ^ I, such that Vj C Ujf^j^ and Vj C Ug(^j) respectively, for any j G J. 
Then, the induced maps f* and g* on H^(1I, S) coincide. 

Proof. Let me consider an element (e.,$) of Z^{ii,S). Then, I define the following ele- 
ment in (23, 5) : 

g)j ■■ = PUf^,^,^,^ ,v, > i e J. 

The definition of g) makes sense, since Vj is clearly contained in the intersection of 
?7/(j) and UgQ^ . I claim now that 

rfe^) = s(/,g) (ff*fe,t))- 

First of all, the right-hand side of the previous equation makes sense, because 
Then, let me compute c(S(/, g))g*^: 

(c(I](/,5))5*$) = $/0„)gOo)*90o)30l)*9to)/ai) = 

= */Oo)sOi)*s(ii)/Oi) = 
= */Oo)/Oi) = 

= • • • 
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Again, I used implicitly that restriction maps are morphisms of Lie groupoids, and that $ 
is a 1-cocycle. Thus, the image w.r.t. /* of the 1-cocycle (e, $) is cohomologous to its 
image w.rt. to g* in (QJ, S), thus their cohomology classes coincide. □ 

Lemma B . 30l and l3 . 3 1 l imply together that, given an open covering U of M, a refinement 
03 thereof, a map f : J ^ I, such that V, C C/ /y), there is a map /* from H^(U, S) to 
H^(QJ, 5), which does not depend on the choice of /. Thus, the assignment il H^(il, 5), 
for any open covering il of M, defines an inductive system over the partially ordered set 
of all open coverings of M, where the partial order is given by the refinement relation in 
Definition Il27l 

Definition 3.32. Given a smooth manifold M and a sheaf S of Lie groupoids over M, the 
first nonabelian Cech cohomology group of AI with values in S, denoted by (M, iS), is 
defined as the direct limit of the direct system il ^ (il, S) over the partially ordered set 
of all open coverings il of M: 

H1(M,5) : = lim Hi(il,5). 
u 

As a consequence, consider a Lie groupoid Q; then, the first non abelian cohomology 
group H^(M, Sg) of M with values in Sg parametrizes isomorphism classes of principal 
bundles over M with structure groupoid Q; it is customary to denote this cohomology 
group simply by (M, Q). E.g. if one considers a Lie group G acting from the left on a 
manifold X, then 

where by H {M,gX) I have denoted the map associating to any cohomology class 

in (M, G) the isomorphism class of a global section of the isomorphism class of a fiber 
bundle with typical fiber X over M. 

Given now a Lie groupoid Q, a smooth manifold M and a principal bundle P over M 
with structure groupoid Q as in Definition 12. II consider the division map (pp of P. At this 
point, it should be clear why Moerdijk chose in [i2| for 4>p the name cocycle of P with 
values in Q: its invariance w.r.t. the action of morphisms of principal C?-bundles over M, 
proved e.g. in II18I makes the division map an invariant of the isomorphism class of P 
with values in P; moreover, composing it with the product of sections of P, gives the the 
natural 1-cocycles over M with values in Sg. Thus, the division map can be thought of 
as a generator of the cohomology class of P in (M, Sg), and, viceversa, a cohomology 
class in H^(Af, Sg) gives rise to a unique division map; thus, division maps are a kind of 
global cocycles with values in Q. 

4. Hilsum-Skandalis morphisms and a local version of generalized 

groupoids 

A central notion in the theory of Lie groupoids is that of generalized morphisms of Lie 
groupoids or Hilsum-Skandalis morphisms; generalized morphisms, resp. Morita equiv- 
alences between Lie groupoids, mimic in the framework of Lie groupoids what ordinary 
generalized morphisms, resp. ordinary Morita equivalences, represent for algebra mod- 
ules. The former were first introduced by Connes 1 3 1, 1 6 1 and were studied in great detail 
by Mrcun. The main purpose here is to produce a different, "local" characterization of 
generalized morphisms, resp. Morita equivalence, in terms of cocycles as in Definition l3.4l 
of Section|3] 
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Before entering into the details, let me briefly recall the notion of morphism of Lie 
groupoids. 

Definition 4.1. A morphism between two Lie groupoids Q and H is a pair ($, (p), con- 
sisting of i) a map <i> between the respective manifold of arrows Q and H and ii) a map 
between the respective manifolds of objects Xg and Xn, such that the following condi- 
tions are satisfied: 

a) (Compatibility between the groupoid structures) the following three diagrams 
must commute 



(4.1) 



g H g n Xg — ^ Xn 



Xg > X-j-i Xfi > Xfi g > Ti. 

b) (Homomorphism property) For any composable pair (51,(72) of arrows, such 
that 

sg{gi) = tg{g2), 

the identity must hold 

(4.2) $(31.92) = *(.9i)$(ff2)- 

In order to understand to significance of generalized morphisms, I need the following 

Lemma 4.2. A morphism ($, tp) between the Lie groupoids g and Ti induces a principal 
bundle {ip*U-H, pri, s-h o pr2i -^g)' such that there is a left g-action on this bundle w.r.t. 
the momentum prj^, which is compatible with the right Ti-action. 

Proof. Consider the trivial bundle over the manifold of objects Xg obtained by pulling 
the unit bundle of Ti back w.rt. the map ip; clearly, by previous arguments, the 4-tuple 
{ip*Un, pri, s-H o pr2, Xg) is a principal -bundle over Xg. Consider then the map ppj^ 
from the trivial bundle to Xg as a momentum for the following left action: 

g Xp,^ (p*Ug 3 {g,{x,h)) , sg{g) = x, ip{x) ^ tn{h) ^ 
^^■^^ ^ itg{g)M9)h) . 

First of all, notice that the action is well-defined, i.e. Phi{g) and h as above are compos- 
able, since 

SH{^{g)) = V{sg{g)) = p{x) = tg{h), 
and the result belongs to the trivial bundle (p*Un, since 

^itg{9)) = tnmg))=tHmh)g), 

by (E2}. 

One has now to show that J4.3> . together with the momentum pr^^, defines a left C^-action 
on ip*Uu- First of all, it is clear from (14. 3> that 

pri(5(x, h)) = tg{g), V(g, {x, h)) e g Xp,^ ip*Ug. 

Second, (14. 2> implies directly that 

{9i92){x,h) = {gi {g2{x,h))) , V(52, {x,h)) e g Xp,.^ (p*l{g, sg{gi) = tg{g2), 

and finally, by ( 14. 1> and ( 14. 2> . it follows immediately 

i.g{x){x,h) — {x,h), y{x,h) e (p*U-H. 
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It remains to show that left ^^-action and the right W-action are compatible. This is equiv- 
alent to showing i) that the momentum for the right ?i-action is ^/-invariant (it is already 
known that the projection pr^ is 7i-invariant) and ii) that the following identity holds 

{g{x, hi)) h2 = g {{x, /ii)/i2) , e G,x e Xg, hi, h2 e H such that 
sg{g)^x, ip{x) =tH{hi), su{hi) ^tn{h2)- 

(Notice the Cy-invariance of the momentum for the right Ti-action makes the preceding 
expression well-defined.) So, let me show i): 

{s-H opi:r^){g{x,h)) = [s-H opr2){tg{g),<^{g)h) = 
= sw(*(.9)/i) = 
= snih) = 

= {sn o pr2){x, h), y{g, {x, h)) G G Xp,^ ip*Ug. 
To show ii), let me compute, by the associativity of the product structure in the groupoid 

n, 

{g{x, hi)) h2 = {tg{g),<^{g)hi) /12 = 
= {tg{g),{^{g)hi)h2) = 
= {tg{g),^{g) {hih2)) = 
= g{x,hih2) = 

= g{{x,hi)h2) , sg{g) = x, (p{x)=tg{g). 
This proves the claim. □ 

Remark 4.3. Consider the following map, which we denote by 

Xg 3 x?^ {x, L-nivix))) e (p*U-H- 

The map is clearly well-defined, i.e. the image lies in fact in the trivial bundle ^p*Uu\ it 
is also clearly a (global) section of the trivial bundle ip*U-H- Moreover, the composition 
of the section <7$ with the momentum for the right Ti-action equals simply (p. A triv- 
ial, but remarkable property of the global section (t$ may be derived from the following 
computation: 

g(j<s>{sg{g)) = g {sg{g), in{^{sg{g)))) ^ 

= {tg{9):H9)^n{<4^{sg{g)))) = 
= {tg{g),Hg)Lnisnmg)))) = 
- {tg{g),iH{tnmg)))Hg)) = 
= {tg{g),^HMtg{g)))Hg)) = 
^a^{tg{g))<f{g), V,g £ 5, 

in other words, the left (J-action on (p*U-H is intertwined by the global section cr$ with the 
right 7i-action via 

(4.4) gMsgig))^Mtgi9))H9). Vgee 

A variation of Equation (14. 4> will play a central role later in the discussion of local versions 
of Morita equivalences. 
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So, a morphism of two Lie groupoids Q and Ti. in the sense of Definition 14. 1 1 defines 
automatically a right principal 7i-bundle on the manifold of objects of Q, endowed with a 
left ^/-action, which is compatible with the principal bundle structure. This motivates the 
following 

Definition 4.4. [ 1161 . 1121 1 Given two Lie groupoids Q and Ti, a generalized morphism 
from Q to H or a Hilsum-Skandalis morphism from Q to H is a right principal 7i-bundle 
(P, 7T,e, Xg) over Xg, such that the following conditions are satisfied: 

i) the pair (P, tt) defines a left ^^-action on P with momentum tt; 

ii) the momentum e for the right W-action is t/-invariant, and moreover both actions 
are compatible in the sense that 

{gp)^ = g{ph), sg{p) = Tr{p), tn{h) = e{p). 

Notice that the C/-invariance of the momentum e makes both sides of the compatibility 
condition between both actions well-defined. 

Remark 4.5. By Lemma 14.21 it follows that every "ordinary" morphism between Lie 
groupoids gives rise to a generalized morphism between them in the sense of Definition l4.4l 

Definition l4.4l is an "intrinsic" definition of generalized morphisms: in fact, one does not 
see immediately the "morphism" hidden behind it. However, in 1 9 1, the authors give at the 
beginning of the paper an equivalent characterization in terms of local versions of "ordinary 
morphisms", in the sense of Definition l4.1l More precisely, the decompose a generalized 
morphism from the Lie groupoid Q to the Lie groupoid H into a Morita equivalence (see 
later for the precise definition) and morphisms defined w.rt. a chosen open cover of the 
manifold of objects Xg of the groupoid Q. This decomposition is a formal way of exposing 
the definition of Hilsum-Skandalis morphisms proposed in 1 3 1, 1 8 1; again via the division 
map, I will soon come to this different, still equivalent, definition, although with some 
slight modifications. 

In the next subsection, I will give a slightly different equivalent characterization of 
generalized morphism between Lie groupoids, based on the properties of local trivializing 
data in the sense of Definition l3.4l of Subsection l3.2l 

4. 1 . From generalized morphisms to local generalized morphisms. Consider a gener- 
alized morphism (P, tt, e, Xg) between the Lie groupoids Q and H in the sense of Defi- 
nition Lemma im of Subsection 13 . II enables us to find an open cover il of the base 
manifold Xg of the generalized morphism and corresponding local sections ctq of the pro- 
jection TT, such that the restriction of the total space P to any open set Ua of the cover il is 
diffeomorphic to the trivial bundle £*JJn, where is the local momentum w.rt. the open 
set Ua, defined by 

Ea — e O aa- 

As was proved before, the local trivializations (pa, associated to the local sections ctq, give 
rise to the transition maps 

Let me fix at this point some conventions: given two open sets Ua and Up of Xg, belonging 
to the trivializing open cover il (not necessarily intersecting in a nontrivial way), define 

Qua^.TJn- ^ {g e g : sg{g) e Ua, tg{g) <E Ufj} ; 
I call 5q,/3 the local (a, (3)-component of Q. 
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Remark 4.6. Given an open covering il of Xg, the disjoint union of all local components 
of G give rise to a groupoid, which is equivalent to Q itself; this can be found in js] and also 
in 1141 . although in a bit different shape. Hilsum and Skandalis use the following notation 

Qa,l3 = Qul^ Wa,(3. 
When the open cover is clear from the context, I will use the shorthand notation: 

Ga.J3- =GUc,Ui3, Qa'- —Gu^,Uc- 

It is not difficult to prove the following 

Lemma 4.7. The 5-tuple {Ga, Ua, sg,tg, Lg) is a Lie subgroupoid of G, for any choice of 
the index a. 

Proof. The topological spaces Ga and Ua are clearly smooth manifolds: in fact, Ua is an 
open subset of the smooth manifold Xg, and also Ga, since 

Ga= Sg\Uc.)r\tg\Ua). 

It is easy to verify that the restrictions of source and target map sg and tg to Ga are still 
surjective submersions; moreover, the axioms for source, target and unit map of the Lie 
groupoid G are clearly still valid for their respective restrictions on Ga and Ua- 

It remains only to prove that there is a well-defined associative multiplication in Ga- 
Consider two composable elements gi and g2 in Ga', this means that 

Ua 3 Sg(.gi) = tg{g2) £ Ua- 

Then, consider the usual multiplication in G as multiplication in Ga '■ 

9i92 e G- 

It is clear that gig2 still belongs to Ga, since 

sgigm) = sg{g2) e Ua, tg{gig2) = tg{gi) e Ua- 

Associativity of the multiplication in Ga follows from the associativity of the multiplication 
in G, and, along the same lines, also the other axioms for the multiplication. □ 

Consider now the following map, for any open set Ua'. 

Qa '■ Ga > 

(4.5) 

g ^^ 4>p{(7a{tg{g)),g(Ta{sg{g))) , 
where a a is the local section of tt on J/q,. I denoted by 

g(^a{sg{g)) 

the left ^-action of g on the element cra{sg{g))- 
First, I need the following technical 

Lemma 4.8. The map is well-defined. 

Proof. Let me check the following statements: 

i) the elements cra(ig(.g)) and <Ta{sg{g)) are well-defined. 

ii) The left action of g on (Ja{sg{g)) is well-defined. 

iii) The elements (Ja(tg{g)) and gca{sg{g)) belong to the same fiber of tt 



46 



C. A. ROSSI 



The proof of i) is trivial, since g £ Qa, whence it follows 

sgig) e Ua, tg{g) G Ua- 
Part a) follows from the fact that is a section of tt, whence 

7l"(cra(sg(g))) = sg{a), 

and from the fact that the left Cy-action has momentum tt. 

Part in) follows again because tt is the momentum of the left t/-action: in fact, 

Tr{g<^a{sg{g))) = tg{g) = 7r(cra(tg(5))) . 

□ 

The map 8q is the explicit "local morphism" of ||9l, as it is shown in the following 

Proposition 4.9 (Local morphism of Laurent-Gengoux, Tu and Xu). The pair (Oa, £«) is 
a morphism from the Lie groupoid Qa to the Lie groupoid 7i. 

Proof. I have to show i) the commutativity of the three diagrams ( 14. 1> and the homomor- 
phism property (14. 2> . 

Let me begin by showing the commutativity of the first diagram in (14. 1> : this follows 
from Point i) of Proposition l2.18l as the following computation shows 

tnCdaig)) = tH{(f>p{cra{tg{g)), gcra{sg{g)))) = 
e(cra(tg(.9)) = 
= £a{tg{g)) . 

The commutativity of the second diagram follows again from Point i) of Proposition l2.18l 
and from the fact that the momentum e for the right Ti-action is t/-invariant, so 

s-H(6a(g)) = sn{(t)p{(Ja{tg{g)), gaa{sg{g)))) = 
= e{gaa{sg{g)) = 
= e(cra(se;(g)) = 
= £a{tg{g)) ■ 

On the other hand, the commutativity of the third diagram follows from Point ii) of Propo- 
sition l2. isl and from the axioms for a left (y-action; namely, 

OaiZ-gix)) ^ (t)p{(ya{tg{Lg{x))), Lg{x)aa{sg{Lg(x)))) = 
= (f)pi<Jaix), Lg{x)aa{x)) = 
= <l>p{cra{x),(Ja{x)) = 

= i^ni^aix)) ■ 

It remains to show the homomorphism property ( 14. 2> : for this purpose, consider a compos- 
able pair (gi, 52) in Ga x Ga, i-e. 

sg{gi) = tg{g2)- 

Then, one gets 

0a(5iff2) = 0p(CTafe(5i52)), (5132)^^0 (sg (5l32) ) ) = 
= 0p(crafe(ffl)),5l(.92O-a(se;(.g2)))) • 
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I want to prove now that g2(^a{sg{g2)) belongs to the same fiber w.r.t. pi as <Ja{sg{gi)): 
in fact, a direct computation using the axioms of left t/-action with momentum tt gives 

T^{g2(Ja{sg{g2))) = tg{g2) = 

= sg{gi) = 

= 7r(CTa(sg(5i))) , 

whence it follows 

^^^^ g2(^a{sg{g2)) = (7a{sg{gi))(l)p{aa{sg{gi)),g2(Ja{sg{g2))) = 

= cra{sg{gi))<da{g2)- 



Equation (14. 6> . which is the local analogon of Equation ( I4.4> . implies now, together with 
Point iv) of Proposition l2.18l that 

Qaigm) = <pp{(^a{tg{gi)), gi{g2cra{sg{g2)))) = 

<t)p{(^a{tg{gi)),gi(Ja{sg{gi))<da{g2)) = 
= <pp{cra{tg{gi)), gi(Ta{sg{gi))) Qa{g2) = 

= 0Q(gi)0a(52)- 

Hence, the claim follows. □ 

Let me point out the following transformation behaviour of the local morphisms Qa- 
for this purpose, assume to have two nontrivially intersecting open sets of the cover il, say 
Ua and U/j, and denote by Qa and the respective local morphisms. It is immediate to 
see that 

GaC^Gp — Gap, 

which is, in virtue of Lemma lTTl a groupoid over the intersection Uap- 

Corollary 4.10. For any two open subsets Ua and Up, intersecting nontrivially, the cor- 
responding local morphisms Qa cmd Qp of ProDosition W^ are related as follows: 

(4.7) Qo^{9)^^c.[itg{g))Qp{g)<^poLsg{g)), VgeG^p, 

where $q,^ denotes the transition map of P associated to the local sections and a p. 

Proof. By Equation J4.5t . the claim follows immediately, since 

^ap{A = (t)p{cra{x),(Jp{x)) . 

Moreover, the left ^-action and the right 7i-action on P are compatible; the claim then 
follows by the H x 7i-equivariance of the division map. □ 

All the preceding computations are present in a different shape in Proposition 2.3 of O; 
but, in fact, the local morphisms O^, arising directly from the "bibundle" structure of P, 
are only one piece of a more general construction, which I am now going to illustrate. 

Consider the local component Ga.p', it is an open submanifold of G, since it can be 
written in the following way: 

Ga,P^Sg\Ua)ntg\Up). 

Let me associate to the local component Ga,p the following map: 

0/3a : Ga,P 'H, 

g ^ (l)p{crp{tg{g)),gaa{sg{g)) . 
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Remark 4.11. The maps Qafj were already introduced in |3| and |8| for the holonomy 
groupoids Q : = Hvi.Fi and H: = TLv2,F2 of two foliated manifolds (Afi,Vi) and 
(Af2, V2); the family of such maps was called by the authors a cocycle over Q with values 
in H. The properties stated in the next Lemma are a slight generalization of the properties 
of the cocycle over Q with values in H of and (U, in the sense that I consider an 
additional equation, which 1 will derive in the subsequent corollary (which follows along 
the same lines of Corollarv l4.10t . Later, in a more implicit way, cocycles over Q with 
values in TL were considered also by Moerdijk in 1141 . although the author used a different 
notation in a slightly different framework. 

Remark 4.12. For later purposes, let me just point out another interpretation of the local 
components Qa,p'- the product set [/„ x Up is open in Xg x Xg w.r.t. the product topology. 
The family of all such open sets is obviously an open covering of Xg x Xg\ then, Qa,i3 is 
the preimage of Ua x Up w.r.t. the smooth map sg x tg from Q to Xg x Xg. Since the 
Ua x Up cover Xg x Xg, it is clear that the Qa^p form an open covering of Q. 

The same arguments used to prove Lemma l4~8l lead to the following 

Lemma 4.13. The map Qpa of Equation H4.81 is well-defined, for any choice of indices a, 
/3- 

Then, one has the following 

Theorem 4.14. The maps Qpa enjoy the following properties: 

a) The following diagrams commute: 

Ga,p > Ti Ga.p > Ti. 

(4.9) 

C/a Xn Up Xn ■ 

b) For any three indices a, (3 and 7, and gi in Gp.-y and (72 £ Ga.p, such that 

the following identity holds (generalized homomorphism property).- 

(4.10) eijaigm) = 'd^0{gi)Qpa{92). 

Notice that both sides of Identity ( I4.76>t are well-defined, since clearly, by the 
axioms of a groupoid, gig2 belongs to Ga,-^, and by the commutativity of the dia- 
grams M-.9\ . 

Proof. a) The commutativity of the diagrams ( 14. 9> follows using the same arguments 
displayed in the proof of Proposition 14.91 for showing the commutativity of the 
diagrams ( 14. 1> . 
b) First of all, since 

sg{gi) = tg{g2), tg{gig2) = ig(ffi), 55(9152) = 55(52), 
one gets 

7r(520-a (55(52))) = ^5(52) = 

= 7r(CT^(tg(.g2))), 
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hence, one can write g2<Ja{sg{g2)) as follows 

g20a{sg{g2)) = O-/3fe(g2))0p(CT/3fe(52),52O'a(se(52))) = 
= (^l3{tg{g2))Ql3a{g2) = 

= o-/3(se(5i))0/3a(.g2)- 

Then, Identity ( I4.10> follows from the equivariance of the division map. 

□ 

The following Corollary is an immediate consequence of Equation ( 14. 8> . recalling the 
Definition of the transition maps of P, and of the compatibility of both left Q- and right 
7i-action on P and of the Ti x H-equivariance of the division map: 

Corollary 4.15. Consider four open subsets of Xg, say Ua, Up, U^, Us, such that 

Uo.j + 0, C//35 + 0, 

then the following Identity holds: 

(4.11) e0a(5) = $/35fe(g))e5^(g)$^„(sg(g)). 
Hence, the following fact has been proved: 

Given a generalized morphism (P, tt, e, Xg) from the groupoid QioU'va. the sense 
of Definition 14.41 given local sections a a of tt subordinate to a trivializing cover 
il, there are local generaUzed morphisms from any local component Qa.fi of 
Q to transforming according to Equation (I4.11> . 

4.2. From local generalized morphisms to generalized morphisms. Assume to have 
two Lie groupoids Q and 7i, with respective manifolds of objects Xg and Xn. Assume 
additionally to have a fixed open cover U of Xg and corresponding local trivializing data 
(II, £q, $0/3 ) on Xg with values in 7i, with local momenta Ea- Ua ^ X-u and cocycles 

Definition 4.16 (f3l, fSl). A local generalized morphism from Q ioH subordinate to 
the local trivializing data (il, $0/3) consists of smooth maps Qpa from any local 
component Ga,i3 of Q to Ti, such that the following conditions hold: 

a) the following diagrams commute 

n Qc^.p n Ua Xn 

(4.12) |s„ , ts| |t„ and ^sj |t« , 

Ua Xn Up Xn n 

where the notation was used 

Bq : = 9qq, Va. 

b) The following identity must hold, for any choice of indices a, /?, 7: 

(4.13) 6^0(3132) = 6^/3 (.91) 0/3a (32), 51^5/3,7, 52 e ^Q,/3, sg (ffi ) (^2) ; 

moreover, the local morphisms Qpa are related to each other by the following 
equation: 

(4.14) Qfia{g) = ^f3s{tg{g))Qs-,{g)^-ta{sg{g)), Vg e Ga,/! n g^,s, 
for any four open subsets Ua, Up, Uj and Us of Xg, such that 

Uay + 0, Ups + 0. 
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Remark 4. 17. I will discuss later a cohomological interpretation of Equation (I4.14l i along 
the same patterns of Subsection 13.51 this suggests the interpretation of generalized mor- 
phisms between Lie groupoids as generalizations of descent data. Moreover, it permits 
to construct more interesting examples of generalized morphisms; e.g. one feature that I 
will address in a subsequent paper is that generalized morphisms from the homotopy path 
groupoid of a smooth manifold M to the trivial Lie groupoid associated to a Lie group 
G corresponds to a flat principal G-bundle over M, and this also suggests another way of 
constructing flat bundles with groupoid structure. 

Given a local generalized morphism 8 from Q to H, subordinate to local trivializing 
data (il, Sa, ^ap) over Xg with values in Ti, I want to prove that we can produce out of it 
a generalized morphism from to 7i in the sense of Definition l4.4l To do this, I first need 
the following technical 

Lemma 4.18. For any choice of indices a, (3, there is an "action " of the local component 
Ga,p of Q from the trivial bundle £*JAt-i to the trivial bundle e^W-^, i.e. there is a smooth 
map ^'^ p with the following properties: 

a) p is a map from 

Ga,f3 Xpr^ e*J^n ■■ {{g; {x, h)) e Qaji x e*JAn ■ sg{g) = x} 
to the trivial bundle epUn; usually, the "action map " will simply be denoted by 

Ga,f3 Xpr^ elU-H 9 {g; {x, h)) 1-4 g{x, h) G £*ijUu- 

Moreover, choosing (3 = a, the following equation holds: 

ig{x)(x,h) ^ {x,h), \/{x,h) € e^Un- 

b) For any choice of three indices a, (3, 7, the actions p, 4'^ ^ and ^'^ ^ are 
compatible in the following way: 

{gig2){x,h) = gi{g2{x,h)) , Vgi <E Gpn, 52 e Sa,/3, se(si) = ie(52)- 

Proof. Define the action 'i'^ ^ as follows: 

(4.15) Ga,p Xpr^ elUn 3 {g, {x, h)) ^ {tg{g), epo.{g)h) . 

Notice that the action is well-defined: in fact, 

sn{Ql3a{g)) = £a{sg{g)) = £a{x) = tn{h) . 

First thing, one has to show that the result belongs really to the trivial bundle e*pU-H- For this 
purpose, I use the commutativity of the second diagram in (I4.12> . and one sees immediately 
that 

tH{Qpc.{g)h)^tn{&po.{g)) = 
= e/3fe(ff)): 

whence the claim follows. 
An easy computation shows: 

Wi{g{x,h)) =pri{tg{g),ei3a{g)h) =tg{g), 

hence the relations between action and momentum is verified. Choosing P = a, the "iden- 
tity axiom" for the action (I4.15> is an easy consequence of the commutativity of the third 
diagram in 
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It remains to verify the compatibility condition for any choice of indices a, (3 and 7; 
this is but an easy consequence of Identity ( 14.131 1 and Equation ( 14.151 1. recalling that, if gi 
is composable with g2, and gi e Qp,^ and 92 £ Qa.p, then their product gig2 lies in Qa.^'- 

{9i92){x,h) = {tg{gig2),&~faigig2)h) = 

= fe(fl'l),07/3(ffl)0/3a(52)/l) = 

= 9i{sg{gi),Qi3a{92)h) = 
= 9i{tg{92),Qi3a{g2)h) = 
= gi{g2{x,h)) . 

□ 

Theorem 13. 81 of Section |3] states the equivalence between local trivializing data over a 
manifold X with values in a groupoid Q, in the sense of Definition l3.4l and principal bun- 
dles over X with structure groupoid Q in the sense of Definition l2.1l of Section |2] Hence, 
given a local generalized morphism as in Definition 14. 161 subordinate to local trivializing 
data (il, £q, $0/3) over Xg with values in H, one gets automatically a right H-principal 
bundle P over Xg by the "gluing procedure". 

Here comes now into play Identity ( I4.14> . relating explicitly the cocycle $0,^3 to the 
local generalized morphism Q: the actions of the local components Qa.fs from the trivial 
bundles e*JJ-H to the trivial bundles eyJn from Lemma 14.181 "glue" together to give a 
well-definite left ^-action on P along the projection tt from P to Xg, which is compatible 
with the right 7i-action. 

Lemma 4.19. Let Q and Ti two Lie gwupoids, and O be a local generalized morphism 
from Q to Ti subordinate to the local trivializing data (il, Eq,, over Xg with values 

in Ti, and let (P, tt, e, Xg) the right Ti-principal bundle over Xg associated to the above 
local trivializing data. 

Then, Q endows P with a left Q-action with momentum tt, which is compatible with the 
right TL-action. 

Proof. Recall that the total space of P is defined as the quotient of the disjoint union 

a 

by the following equivalence relation: 

f Uc^p + 0, 

(a,Xl,/li) ^ (/3,X2,/l2) <^ < Xx^X2, 

\ hi ^ ^al3{xi)h2. 

The projection tt, resp. the momentum for the right Ti-action, is defined via 

[a,x,h]t^x, resp. [a, x, h] ST-c{h). 

Let me now define the left C?-action simply by "quotienting" the left actions of the local 
components Ga,f3, i-e. 

(4.16) {g,[a,x,h]) [l3,tg{g),Qf,o.{g)h] , 

where 

sg{9) = X, tg{g) e Up, 
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for some index /3. One has to show first that the action defined in Equation (I4.16> is well- 
defined, i.e. it does not depend i) neither on the choice of the representative [a, x, h] nor 
a) on the choice of the index (3, such that the target of g is in Up. 

Let me first show independence of the choice of the representative. In fact, any other 
representative would have the form 

[a,x,h] = ['y,x,^^a{x)h], Uja ^ 9- 

Then, 

= [/3,*e(5),0/3a(5)/i] , 

using Equation ( I4.14> with /3 = (5. On the other, when the target of g belongs to the 
intersection Usp of two open subsets in the cover il of Xg, consider the action of g to be 

{g, [a,x,h]) ^ [S,tg{g),Qsa{9)lT] ■ 

But then, again by Equation (I4.14> . one gets 

[6,tg{g),Qsc{g)h] = [I3,tg{g),<^f3s{tgig}}esa{9)h] - 
= [l3,tg{g),Qi3a{g)h] , 

by taking 7 = a. Hence, the left ^/-action is well-defined. 

One has to show that its momentum is vr; this follows immediately by its very definition. 
The fact that Equation ( I4.16> defines really an action is a consequence of Lemma l4.18l 

Therefore, it remains to show that the left C^-action is compatible with the right Tr- 
action, i.e. one has to show that i) the momentum e of the right 7i-action is ^/-invariant 
and ii) both actions commute with each other. 

To show i), notice simply that the momentum is defined via projection onto the second 
factor of any pair {x, h) in a trivial bundle e'^Un with the source of H; since the source 
map of H is invariant w.r.t. left multiplication in H, the claim follows. 

To show ii), compute both actions: 

{g [a, X, hi]) h2 = [/?, tg{g),Qi3a{g)hi] h2 = 
= [l3,tg{g),{Qi,o.{g)hi)h2] = 
= [l3,tg{g),Qpa{g){hih2)] = 
= g [a, X, hih2] = 
= g {[a,x,hi]h2) , 

where 

sg{9) = x, tg{g)GU/3, sn{hi) =tn{h2). 

Finally, notice that the left (y-action is smooth; this follows from the fact that its local form 
is smooth and by the usual definition of a smooth structure on P. □ 

Hence, Lemma l4.19l together with Theorem l4.14l implies the following fact: 
There is a one-to-one correspondence between generalized morpliisms in the 
sense of Definition 14.41 and local generalized morphisms in the sense of Defini- 
tion l4.161 provided one chooses an open covering of the manifold of objects of the 
source groupoid 
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Remark 4.20. Let me just notice that an equivalent statement was already present, for the 
special case of monodromy groupoids of foliated manifolds, in js) and in a more general 
form e.g. in [14]: in fact, a generalized morphism from Q Xo TLis equivalent to a choice 
of an open covering of Xg and a strict morphism of groupoids from ^ Qa^p (which is 
equivalent to Q) to TL. 

4.3. Some examples of local generalized morphisms. In this subsection, I construct 
some examples of local generalized morphisms in the sense of Definition 14.161 and to 
relate them to the ordinary version of generalized morphisms, that of Definition l4.4l 

4.3.1. Local generalized morphisms between action groupoids. Assume given two action 
groupoids, say G t< X and H txY, where X and Y, resp. G and H, are smooth manifolds, 
resp. Lie groups acting from the left on X and Y respectively; for the definition of action 
groupoids, I refer to Subsubsection 13.331 Consider local trivializing data {ii,ea, ^ap) 
over the manifold of objects of G t< X, which is X, with values in H k Y; as was proved 
in Subsubsection l3 .3 .31 this is equivalent to a F-pointed principal -bundle over X, in the 
language adopted in Subsubsection B .3 !3l 

Consider now a local generalized morphism O subordinate to the aforementioned local 
trivializing data. First of all, the local components (G ix X)^ ^ take the form: 

(G K X)^p = {{g,x) eG X X: X eUa„gx eU(3} ■ 

Then, there are smooth maps Qp^ from (G k X)^ ^to H kY, satisfying a certain number 
of properties, Usted in Definition l4.16l First of all, write 

'd0a{g,x): = {e^a{g,x),e^a{g,x)) , 

where 

e^^{g,x)eH, Q];^{g,x)eY. 
Since (by the commutativity of the diagrams ( I4.12» the following equations hold 

tn ° 'd/ia = £(3 °tg and Sn ° Qpa = £a ° Sg, 
it follows immediately 

0ja(5,a:) ^ea{x), ef3{gx) = Q"^{g,x)£a{x). 
Let me introduce the following notation 

Op^ig, x) : = ef„(g, x) G H, {g, a;) G (G K X)^^^ . 
Moreover, by the commutativity of the third diagram of ( I4.12> . one has 

9a{e,x) = e, Va; e Ua- 
Writing down explicitly Identity (I4.13> . one gets the following identity: 
07a(5i52,a;)) = {&-,a{gig2,x),ea{x)) = 

= ^■ybn{gi,g2x)) Qi3aig2,x)) = 

= {^■y0igi,g2x),ef3{g2x)) {9,3a{g2,x),ea{x)) = 
= {O'yisigi, g2x)9i3a{g2, X), Eaix)) , 

whence it follows 

d^a{gig2,x) = 0^i3{gi,g2x)9paig2,x), \fx £ Ua, g2X € U/3, gig2X e U^. 
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There is also Identity ( I4.14> to be considered, relating the local generalized morphisms to 
transition maps of the bundle: namely, it takes the form 

= (^^5 (5a;), £5(52;)) {65^(9, x),e^{x)) {^^Jx),ec,{x)) = 
= {^"si9x)0s^{g,x)'S>il^{x),eo,{x)) , 

whence one easily deduces the following relation between the maps d^a and the transition 
maps of principal iJ-bundle P: 

ei3c{g,x)^<pj^g{gx)esj{g,x)<i>!^^{x), xeUaCiUj, gx^UpCiUj. 

The right principal iJ-bundle P is given expUcitly by 

p = [] X if/ ~, 

a 

where the equivalence relation ^ was described explicitly in Subsubsection l3.3!3l 

The maps O/ja define a lift of the left action of G on X to P. In fact, define the left 
action of G on P as follows: 

(4.17) G X P 3 {g,[a,x,h]) ^-^ [P,gx,0pa{g,x)h] e P, gxeUp. 

The left action ( I4.17> is well-defined, since, picking up other indices 7 and S, such that 

X £ U^, gx G Us, 

so that 

[a,x,h] = ['y,x,<^"a{x)h], [P, gx,0f)a{g,x)h] = [6, gx,<^sf3{9x)^Pa{g, x)h] , 
one gets, by the above version of (I4.14> . 

G X P 3 (.9, [7, X, = (g, [a, x, h]) ^ 

H-> [6,gx,es^{g,x)^^^{x)h] = 

= [6,gx,<^si3{gx)"6fia{g,x)h] = 
= [P,gx,di3a{g,x)h]. 

Since 9a{e, x) — e, it follows that 

(e, [a,x,h]) [a,x,h], 

and since 9ja{gig2,x) = 6*^/3(51, 52a;)6'/3Q (52, a;), it follows 

{gig2)[a,x,h] = ['^,{gig2)x,e^aigig2,x)h] = 

= h, gi{g2x), 9.yf3{gi, g2x)90a{g2, x)h] = 

= 51 [P,g2X,9fja{g2,x)h] = 

^ gi{g2[a,x,h]) , gig2xeU^, g2X<^Up, x G Ua- 
Finally, since the projection from P to X is simply 

[a, X, h] 1-^ X, 
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it is clear that tt is G-equivariant, and it is obvious that the left G-action is compatible 
with the right i7-action. Moreover, notice that the associated bundle P Xh Y may be 
constructed via the gluing procedure: 

PxhY = 1[u^xY/ ^, 

a 

where now the equivalence relation takes the form 

f ^ 0, 

[a,xi,yi] ^ [P,X2,y2] <^ I a^i = 2^2, 

The left G-action on X may be then also lifted to the associated bundle P Xh Y via the 
formula: 

PxhY 3 (5, [a,x,y]) ^ [(3,gx,ef3a{g,x)y] e PxhY. 

Repeating almost verbatim the arguments and the computations used for showing that P 
inherits a lift of the left G-action on X, one can show that the left G-action on P x^ Y is 
well-defined and lifts exactly the left G-action on X. 

Moreover, the global section ry of P x^ Y is defined by the local momenta e^. The 
section 77 is G-equivariant, i.e. 

vigx) = 9v{x), yg <^G, X e X. 

Namely, the following identities are already known: 

e^(x) = $^^(a;)ea(x), Va; e [/q^; £i3{gx) = 9pa{g,x)ea{x), x e Ua, gxf^Up. 

The first identity together with the identity relating the transition maps of P and the Now 
we have: 

'7(52;) = [I3,gx,ei3{gx)] = 

= [P,9X,9l3a{g,x)£a{x)] = 

= g [a,x,ea{x)] = 

^grj{x), x€Ua, gxeUp. 

(The choice of the indices a and f3 is completely uninfluent, because of the above relation- 
ship between the various local momenta and transition maps and between transition maps 
and the maps O^a.) 

Hence, the following equivalence has been established: 

A local generalized morphism 9 from the action groupoid G x X to the action 
groupoid H X Y, hence, a generalized morphism between G x X and H x Y, 
subordinate to local trivializing data over X with values in H xY, is equivalent 
to i) a right principal iJ-bundle P over X, ii) a smooth Uft of the left G-action 
on X to P and io P xhY and Hi) a G-equivariant global section rjot P xhY; 
Such a datum I will call a G-equivariant, F-pointed principal iJ-bundle over X, 
provided one chooses an open covering of X. 

Remark 4.21. Notice that in the special case F is a point, on which H acts trivially (so, 
the action groupoid reduces to the trivial groupoid H, with trivial source, target and unit 
maps), there is no condition about F-points, and one gets simply a G-equivariant principal 
iJ-bundle over X, which is, in the language of |9|, a particular example of a principal 
H -bundle over the action groupoid G x X. 



56 



C. A. ROSSI 



4.3.2. A local generalized morphism from the product groupoid X x X to the gauge 
groupoid G{P), for a right principal G-bundle P over X. Consider an ordinary right 
principal G-bundle over the manifold X, where G is a Lie group; to X is associated the 
product groupoid X x X (I refer to Subsubsection 13 . 3^1 for more details), whereas to P 
and X is associated the gauge groupoid Q [P) (I refer to Subsubsection l3.3!4l for more de- 
tails). The aim now is to produce a local generalized morphism 9 from X x X Xo G{P), 
subordinate to the local trivializing data over X with values in Q{P) associated to an open 
cover it, local momenta given by the canonical inclusions of Ua into X and associated to 
the P-values cocycle ( 13. 7> of Subsubsection l3.3!4l such local triviahzing data give rise to 
the right (7(P)-bundle {X x P, pr^, tt o prj, X). 

Recall the explicit form of the transition maps of the local trivializing data: 

where CTq, denotes a local section of P over Ua 
The maps 

(4.18) Qi3a{xi,X2): =[(Jp{x2),(Ta(.Xi)], Xi ^ Ua, X2^Ui3, 

define a local generalized morphism from X x X Xo Q{P) subordinate to the above local 
trivializing data; moreover, the associated generalized morphism from X x X lo Q{P) is 
the bundle {X x P, prj^, tt o pr2, X), with left X x X-action given by 

(4.19) {x,y){y,p): ^{x,p), x,y e X, p e P. 

(It is immediate to verify that the above right Q{P)-hnndle, endowed with the left X x X- 
action of Equation ( I4.19> . satisfies all the properties stated in Definition l4.4n 

By the very definition of source map and target map of X x X and of Q{P), it follows 
immediately that all diagrams in (I4.12> commute. Identity (I4.13> is an easy consequence of 
the definition of the product in Q{P) and in Ii{X), namely; 

'c)^a{{xi,X2){x2,X'i)) = Q^aixi^X'i) = 
= [(J^{xi),aa{x3.)] 

= [(7^{xi),ap{x2)] [<Jl3{x2),(Ja{x3.)\ = 
= Q^p{xi,X2)Q0aix2,X3). 

Moreover, Identity J4.14> . relating transition maps of local trivializing data and local gen- 
eralized morphisms, follows from the very same arguments. To see that in fact the gener- 
alized morphism Q as defined in Equation (I4.18> corresponds to the generalized morphism 
{X X P, pii, IT o pr2,X), with left n(X)-action as defined in Equation ( I4.19> . recall the 
construction of Subsection 14. II where, given a generalized morphism P from Q to H in 
the sense of Definition l4.4l I constructed a local generalized morphism in the sense of Def- 
inition]^^] In this particular case, one has to compute the division map of the bundle 
{X X P, prijTT o pr2,X). It is in fact simply given by 

(4.20) (j)Xxp{{xi,Pl),{xi,P2)) ■■ ^[pi,P2]- 

The verification that Equation ( I4.20> is an in fact the division map of the above bundle is 
immediate. 
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Then, it is known that the corresponding local generalized morphism is given by Equa- 
tion ( 14. 8> : let me compute explicitly the result 

= (f'Xxp{<yp{xi), {xi,X2)aa{x2)) = 

= (t>Xxp{{xi,a,3ixi)), {xi,X2){x2,aa{x2))) = 

= 4>xxp{{xi,ai3{xi)), {xi,aa{x2))) = 

^ [(Tp{xi),aaix2)] , XieUp, X2^Ua. 

Notice that I have adopted the same notation for local sections of X xP w.rt. pr and local 
sections of P over in fact, a local section a a of P over [/„ specifies a local section of 
X X P over Ua in the following way: 

(7a Ua ^ P ^ CTa ■ Ua ^ X X P, X 1-^ (x, aaix)). 

4.3.3. A local generalized morphism from the action groupoid Gx X to the gauge groupoid 
Q {P)for a right principal H -bundle P over X. Consider in this subsubsection a manifold 
X, acted on from the left by the Lie group G, and a right principal iJ-bundle P over X, for 
H a Lie group; consider furthermore the action groupoid G x X and the gauge groupoid 
G{P) associated to P. 

Given the local trivializing data consisting of an open trivializing cover H of X w.rt. 
P, the local momenta given by the inclusions Ua ^ X and the cocycle over X with 
values in Q (P) given by Equation i3J\ . I construct a local generalized morphism from 
G X X to G{P) subordinate to the above local trivializing data, which, like in the previous 
subsubsection, define the right t/(P)-principal bundle (X x P, prj^, tt o pr2, X). The maps 

(4.21) Qf3aig,x): = [af3{gx),aa{x)] , x e Ua, gx € Up, 

and (Tq denotes a local section over Ua of the right principal i?-bundle P. 

First of all, the very definition of target map, source map and unit map of both groupoids 
G X X and Q{P) show immediately that the three diagrams in ( I4.12> do indeed commute. 
Identity ( I4.13> follow from the following computation, where I make use again of the 
product laws in both G x X and Q{P): 

&'fa{{gi,g2x), {g2,x)) = <d^a{gig2,x) = 

= [(^i{gig2x),cra{x)] = 

= [(^l{gig2x),Crp{g2x)] [(Tl3{g2x),CJa{x)] = 

= ^■y0igi,g2x)Qf3a{g2,x), X€Ua, g2X € Up, gig2X€U~f. 

Analogous computations, recalling the explicit shape of transition maps of the right Q{P)- 
bundle {X x P, prj^, tt o pij, X) associated to the local sections ctq of P, show that Iden- 
tity 633 also hold. 

Recalling the shape of the division map of the bundle {X x P, prj^ , tt o pr2, X), let me 
now prove that the local generalized morphism defined by Equation ( 14.2 1> corresponds to 
the generalized morphism {X x P, pr^ , tt o pi^ where the left G x X-action is defined 
via 

(4.22) {g,x){x,p): {gx,p), geG, xeX, p e P. 

(It is immediate to verify that {X x P, prj^, tt o prj, X), endowed with the left G x X- 
action, satisfies all the requirements of Definition 14.41 ) In fact, using the computations 
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of Subsection 14. II one gets the following expression for the local generahzed morphism 
associated to the above generalized morphism: 

0/3a(ff,a:) <Pxxp{cri3{tGy,x{9,x)), {g,x)aa{tGt<x{9,x))) = 

= (t)xxp{cri3{9x),{g,x)aa{x)) = 

= <pxxp{{x,(7i3{gx)), {g,x){x,aa{x))) = 

= <pxxp{{x,(7i3{gx)), {gx,aa{x))) = 

= [a0{gx),aa{x)] , x e gxeUp, 

which corresponds exactly to the local generalized morphism of Equation (I4.21> . 

4.4. Equivalences between generalized morphisms. Finally, I want to discuss the local 
aspects of equivalences between generalized morphisms from a groupoid Q to another 
groupoid H; by these, I mean morphisms of right Ti-principal bundles in the sense specified 
in fl51, flSI, which are additionally left (J-equivariant. I discussed already global aspects 
of such morphisms in |18|; in particular, since they are morphisms between Ti-principal 
bundles, they are invertible (whence the choice of name "equivalence") and there is a 
one-to-one correspondence between these equivalences and Cy-invariant generalized gauge 
transformations with values in H. 

P 

Let me now consider two groupoids Q and H, two generalized morphisms Q ^ TC 

p 

and H; as usual, I denote by tti and ei, resp. 7r2 and 62, the projection and the 
momentum respectively of P, resp. Q. I consider additionally an equivalence S between 
P and Q, in the sense specified above; by A's, like in Subsection 13 .41 I denote the Q- 
invariant generalized gauge transformation associated uniquely to E. Assume that there 
is an open covering il of Xg, such that there are local sections cr^ of P, resp. cr^ of Q, 
over any open set Ua', the corresponding local trivializations, transition maps and local 
momenta are denoted as in Subsection l3.4l In analogy to Subsection l3.4l Define 

E,(x): =K^{ai{x),al{x)), V.t G 

Now, recall from Subsection l4. li the formula for the local generahzed morphisms 9^ and 
0*3, associated respectively to P and Q: 

Qpaig) = </'p('^M*6(ff)),3^a(se(3))) , e^Jg) = c^Q{<jl{tg{g)),g<jl{sg{g))) , 
for g belonging to the local component Ga.fS, defined explicitly also in the same subsection. 

Proposition 4.22. The local maps Sq, enjoy the following properties: 

i) ( Compatibility with local momenta) 

ii) ( Coboundary relation I) 

Y.0{x)=^l^{x)Y.^{x)<i>lp{x), xeUc^p, 

provided Ua and U g intersect nontrivially. 

iii) ( Coboundary relation II) 

e^Jg) = {^p{tg{g)))-' e^Jg)S„(ss(.9)), V.g G 0^,^. 

Proof. The proof of Proposition B. lOl of Subsection l3.4l implies immediately the compati- 
bility with local momenta and coboundary relation I; it remains therefore to show cobound- 
ary relation II. 
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Using the explicit form of the local generalized morphisms Oa^ and 0?^, the relation 



= 0Q(S(a^fe(5))),S(5ai(sg(g)))) = 

= 4>Q{<^fi{tg{9))^p{tg{g)),g(Tl{sg{g))T,a{sg{g))) ^ 

= {^i3{tg{9))r^ <pQ{crl{tg{9)), 9'^l{sg{g))) ^a{sg{g)) = 

= i^p{tgi9))r' 0?o(5)So(se(<?)), V5 e 



The previous proposition motivates therefore the following 



Definition 4.23. Let Q and H two groupoids. Let ^11, e^, and ^U, e^j^^^j two 
local trivializing data over Xg with values in H, with the same open covering, and let 9, 
resp. H, a local generalized morphism in the sense of Definition 14. 1 61 subordinate to the 

local trivializing data ( il, ej,, ) , resp. (il, e^, ) ■ 



A local equivalence T, between 8 and H consists of a family of maps from Ua to 
H, such that the following requirements hold: 

a) Eq, puts the local momenta e^^ and in relationship as follows: 



c) For any two open sets Ua and Uf3, consider the local component Ga,i3', then, the 
local generalized morphisms and Upa are "cohomologous" w.r.t. E as fol- 
lows: 



0/3a(g) = {T,f-;{tg{g))) ^ H/3„ (5) E„ (sg (g)) , V,g e ga,l3- 



Remark 4.24. Notice that Condition b) makes Condition c) compatible with Equation 
(I4.14> in Definition l4.16l namely. 



= {J:s{tg{gm]p{tg{g))y'lls,{9) (E^(sg(g))$i Jsg(g))) = 
= {<^Utg{g))MtGi9))y'iis,{g) (<f^Jsg(.9))E„(sg(.9))) - 



for and U^, resp. tZ/j and Us, intersecting nontrivially, and g G 00,0 ^ G-y,s- 



al{x)^aix), Va, 



as well as Theorem 5.11 of 1 1 8 1 , one gets : 



□ 
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It is already known that the generalized morphisms Q and H, together with their respec- 
tive local trivializing data, give rise, by Lemma l4.19l to generalized morphisms Pq and Ph 
respectively between Q and Ti; it is natural to figure out that a local equivalence S between 
Q and H should give rise to an equivalence between the associated generalized morphisms 
Pq and Ph- This is the content of the following 

Theorem 4.25. Given two local trivializing data (^!d,e\,^l^fjj and ^11, e^,$^^^ over 
Xg with values in 7i, with the same open covering ii, two local generalized morphisms Q 
and H subordinate to ^il, e^, ^^^^ and ^il, e^, ^^p^ respectively, a local equivalence E 
between Q and H in the sense of Definition [4.23\ there is an equivalence E between the 
generalized morphisms Pq and Ph- 

Proof. By Theorem 13. 121 it is already known that there is a morphism E from Pq to Ph 
(i.e. a generalized gauge transformation on Pq Ph with values in Ti); it remains therefore 
to prove that it is ^/-equivariant. Recall the construction of Pq and Ph from Subsection l4.2l 

a a 

and the equivalence relations ~ are in both cases induced by the cocycles ^l^p and 
respectively. The left C^-action on Pq and Ph is defined respectively by 

g[a,x,h]: = [(3,tg{g),Qpa{g)h] , g[a,x,h]: = [P,tg{g),llpa{g)h] , 

where sg{g) ^ x <E Ua and U/j is chosen so, that tg{g) e Uis (so, g G Ga,^)', it was 
already shown that the definition of left (^-action is independent of any choices. Recall 
also the definition of E: 

T, {[a,x,h]) = [a,x,T,a{x)h] , xeUa, tnih) = e]^{x). 

Hence, 

E(g[a,a;,/i]) = Y.{[P,tg{9),Q0o.{g)h]) = 

= [p,tg{9):^p{tg{g))Qp»{g)h] = 
= [P,tg{9),^[3a{9)'>^a{sg{g))h] = 
= g[a,x,T.a(x)h] = 
= gT.{[a,x,h]) , sg{g) ^ x e Ua, 

which shows the ^/-equivariance of E. The compatibility between Condition c) in Defini- 
tion l4.23l and Equation ( I4.14t in Definition l4.16l makes the above computation independent 
of any choice. □ 

The results of Theorem l4.25l and the previous computations can be resumed as follows: 



There is a one-to-one correspondence between equivalences of generalized mor- 
phisms from a groupoid G toHin the sense of 1 15 1, 1 18 1, and local equivalences 
between local generalized morphisms from G toTCin the sense of Deflnition l4.231 



4.4. 1 . An example of equivalences between generalized morphisms: the case of action 
groupoids. Consider two Lie groups G and H, and two manifolds X and Y, such that G 
operates from the left on X and H from the left on Y . The results of Subsubsection l4.3m 
imply that any generalized morphism from the action groupoid G x X to k F is, in the 
language introduced in the very same subsubsection, a G-equivariant, F-pointed principal 
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i/-bundle P over X, and the X-point corresponds in this case to a G-equivariant global 
section of the associated bundle P Xh Y- 

Consider thus two local trivializing data ^il, ej^, ^^^^ , i = 1, 2, and local generalized 

morphism O, H, subordinate to ^il. e;!^, ^^pj and ^il, e^, ^af3^ respectively; finally, con- 
sider a local equivalence E between them in the sense of Definition 14.231 As such, it is 
possible to decompose the maps as follows: 

Eo(x) : = (Ef (x), E^(x)) , Vx e C/„, 

where 

: E^' : ^ r. 

First of all, I am going to inspect the compatibility condition with the local momenta: 

{shky o S„)(a;) = shky (Sf (x), E^(a;)) = 

and 

(t/fKy o Sa)(a;) = tfl-xy (sf (x), E^(x)) = 
= Ef(x)Er(x) = 

whence it follows: 

Ef(x)4(x)=s^(x). 

By the same arguments used in Paragraph l3.4.1l the nonabelian cohomological condition I 
translates into 

(^) = (a;)<i>J,'f (a;), Vx e 

(having decomposed the cocycles as in Subsubsection l3.3!3t . which tells us that the 
nonabelian Cech cocycles <i>^^' over X with values in H are cohomologous, hence they 
give rise, by classical results, to isomorphic principal -bundles Pi, the isomorphism be- 
ing realized locally by the nonabelian 0-cocycle E^. 

Let me now write down the nonabelian cohomological condition II explicitly, after 
having decomposed Qpa and H^q, as in Subsubsection 13. 3 Jl (writing down only the H- 
component): 

Of}a{g,x) ^ {T.^{gx)) ^ Tj0a{g,x)Y."{x), \fgeG, xeUa, gxeUp. 

This cocycle condition translates immediately into the fact that the isomorphism E pre- 
serves also the left G-action on both Pf, moreover, E gives rise also to an isomorphism 
of associated bundles Pi Y, which moreover preserves the induced left G-action on 
both of them. Moreover, the identity E^ {x)el^{x) = e^{x) means simply that E maps the 
global section j]i to 772, and, since E preserves the left G-action on X/^ y, E preserves 
also the G-equivariance property of 7/1 and 7/2- Hence 

An equivalence between two generalized morphisms from the action groupoid 
Gx X to H xY corresponds uniquely to a morphism of G-equivariant, F-pointed 
principal i/-bundles over X, provided a choice of an open covering of X. 
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4.5. Cohomological interpretation of local generalized morphisms: generalized mor- 
phisms as generalizations of descent data. In this subsection, I discuss a more formal 
cohomological setting for local generalized morphisms (equivalently, for generalized mor- 
phisms) between Lie groupoids. To fix notations once and for all in this Subsection, let Q 
be the "source" Lie groupoid, whereas Ti is the "target" Lie groupoid of any local general- 
ized morphism. Let me go back to Definition l4. 16l and try to reformulate in more abstract 
terms Equations (I4.12> . (I4.13> and (I4.14> . The first thing one can notice is the presence 
of local trivializing data on Xg: using the language of Subsection 13.51 local trivializing 
data, which encode the choice of an open covering of Xg, are in one-to-one correspon- 
dence with 1-cocycles over Xg with values in Sxg .w, the sheaf of Lie groupoids over Xg 
naturally associated to H. (Let me just point out that in this Subsection, the natural sheaf 
of groupoids associated to a Lie groupoid H over a manifold M will be denoted 5a/, w; I 
will explicitly label the sheaf by the base manifold, since in the subsequent computations, 
the base manifold is not always clear from the context.) Therefore, in an even more for- 
mal setting, the first ingredient should naturally be a sheaf S of groupoids over Xg, an 
open covering il of Xg and a 1-cocycle (e, S) over Xg with values in S, in the sense of 
Definition lTT9l 

The first important fact is that an open covering il of Xg defines three different open 
coverings of Q, which I call the source covering, the target covering and the source-target 
covering of Q w.r.t. il, and denote by il'', il* and il*'* respectively: 

Ua- =Sg\Ua), Vof, 
Ul- =tg\Ua.), Va, 

^ (sg X tg)-\Uo. X Uf3) , Va, /?. 

Notice that the source-target covering is labelled by two indices; moreover, it is clear that 

with the notations of Subsection l4.1l as was already mentioned. Notice also that the index 
set of the source-target covering il"'* is the Cartesian product of the index set A of the 
covering il with itself; there are two natural maps from A x A to A, namely the two 
projections pi, i = 1,2. The projection pi, resp. p2, can be viewed as a (natural) map 
associated to the common refinement il'*'* of il'*, resp. il*. 

Let me now consider the three commutative diagrams of ( I4.12> . As mentioned before, 
a local generalized morphism from Q to Ti consists of local trivializing data (il, Sa, ^ap) 
over Xg with values in Ti; these data correspond uniquely to an element (e, $) of .Z^ (il, Sxq 
by the arguments of Subsection l3.5l Consider now the surjective submersions sg and tg 
from Q to Xg: the pull-backs of the local momenta w.r.t. the source and target maps of 
Q define smooth maps from and respectively to X-u, whereas the pull-backs of the 
components w.r.t. the sg and tg define smooth maps on n Up and U^DUp. Since 
the pull-backs w.r.t. sg and tg obviously commute with source, target, unit and inversion 
maps and product of the canonical sheaf Sg^-^ of groupoids over Q associated to Ti, one 
has 

Lemma 4.26. Writing Sg{e,^), resp. tg{s,^), for the l-cochains over Q with values in 
Sg^H w.r.t. the covering il'*, resp. il*, obtained by pulling back the 1-cocycle (e, $) w.r.t. 
Sg, resp tg, one gets: 

sl{e,m^Z\'d\SgM). 
t*g{e,^) ^ Z\il\Sg^n) ■ 
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Let me then compute the image of both 1-cocycles Sg(e, $), resp. ig(e,$) w.r.t. the 
map pI, resp. P2 (see Subsection l3.5l for more details). I begin by computing the respective 
restrictions of the 0-cocycles SgS and tge: in fact, by the very definition, one has 

Choosing now two nontrivially intersecting open sets C/^'^ and C/^'^ in the source-target 
covering of Q, let me compute the respective restrictions of Sg$ and ig$ w.r.t. and P2 
respectively: 

The components Qpa of the local generaUzed morphism 8 may be thought also as the 
components of a 0-cochain over G with values in the sheaf of groupoids Sg^n w.r.t. 
the covering il* *; moreover, the three commutative diagrams of Equation ( I4.12> of Defi- 
nition!^^ obviously imply together that the restrictions to the covering il* * of of the 
0-cochains SgS and tgS are respectively the source and the target 0-cochains of Q, using 
arguments of Subsection l3.5l 

Let me then consider Equation ( I4.14> : it can be rewritten as follows 

epo.{g)<fo.y{sg{g)) (Qs-^ig))-' = '^>ps{tg{g)), V5 e U^'^ n [/^^;*, 

which can be further rewritten as (according to the above computations and recalUng the 
arguments of Remark D.24l l 

(4.23) ept (4 (£,$)) =pj(ta 

borrowing notations also from Subsection l3.5l Therefore, combining Equation ( I4.23t with 
Lemma l4.26l gives the following 

Lemma 4.27. Given an open covering il of Xg, the manifold of objects of a Lie groupoid 
Q, a local generalized morphism Q from Q to a Lie groupoid H. in the sense of Defini- 
tion [4.16\ is the same as a 1-cocycle (e, $) in Z^{!d, Sxg,n)> such that the two 1-cocycles 
Sg{s,^) andtg{e,^, respectively in Z^{ii^,Sg,T-i) and Z^{iX* ^Sg^-u), are cohomologous 
when restricted to Z^{il^'* , Sg^n) w.r.t. to a 0-cochain 0, whose components are given by 
the components of the local generalized morphism Q. 

Thus, using the results ofSubsection \3.5\ at a global level, a local generalized morphism 
G from Q to Ti. is equivalent to a principal Ti-bundle P over Xg, such that there is a 
morphism Q of Ti-principal bundles from SgP to tgP. 

Remark 4.28. Given a generalized morphism P from Q to 7i, in the sense of Definition l4.4l 
notice that the pull-back of P w.r.t. the source map is the manifold of arrows of the groupoid 
version of the action groupoid; this plays an important in the characterization of principal 
G-bundles over groupoids F of 1.1 OJ . 
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It remains to inspect the meaning in this setting of Equation ( 14.131 1 of Definition l4.161 
clearly, such an equation gives further informations about the bundle morphism 8. The first 
thing to notice is that, using the language from the first chapter of flQ], the Lie groupoid 
Q gives rise to a simplicial manifold Q,; presently, 1 am interested only in the piece of Q, 
of degree 2 (therefore, I will not define all now components of §», deserving to it some 
attention later), which is the set of composable arrows of Q, where multiplication in a 
groupoid makes sense: 

G2 = {{91,92) e G'^- sg{gi) = tg{g2)} . 

There are three natural /ace maps (using again the language of simplicial manifolds) from 
G2 to : = Q, namely pr^, i — 1,2, and fi, where pr^ is the projection onto the i- 
component and /i is the multiplication map; notice the following obvious identities, which 
follow from the groupoid axioms: 

(4.24) o pr^ = ^ o pr^, sg o pr^ = sg o fi, tg o prj = sg o pn. 

The second thing to observe is that Equation J4.13t makes sense on any open subset of Q2 
of the form C/*'^ x f/J'^^, intersected with C/2- In fact, the collection of all such open sets, 
which I denote by il^'*'^, is an open covering of Q2: namely, consider a pair (91,92) in 
Q2, then, since it is an open covering of Xg, it follows that there are indices a, /3 and 7 
such that sg{g2) is in Ua, sg{gi) — tg{g2) is in Up and tg{gi) is in U^, which imphes 
the claim. There are three maps from the the triple product of the index set of the open 
covering il onto A^, namely pij, 1 < i < j < 3; with this in mind. Equation can be 

rewritten as 

(4.25) pl, {fi*Q) = p*2, (prt 9) PI2 (pr^ 6) 

as 0-cochains over Q2 with values in Sg^^n w.rt. the covering il**'*'^; to be precise, the pull- 
backs of the 0-cocycle O w.r.t. /i and pr^ are 0-cocycles with values in the sheaf Sg^^n^ 
but w.rt. to different coverings of Q2, which admit a common refinement, which is in fact 

Furthermore, the 1-cocycles Sg (£;,$) and $) can be further pulled back to give 
rise to six cocycles in (il*'*'^, 5^2.7^), namely: 

W*i{s*g{e,^)) , w*i{t*g{e,^)) , pr;(4(e,$)), 

P^*2{t*Q{e,m) , A^* (4 

Notice that each of these six 1-cocycles takes value in the same sheaf Sg^.n'^ but any 
is defined w.r.t. a different covering of Q2- E.g., the first 1-cocycle is defined w.r.t. the 
covering of Q2 with elements 

Wi\K), Va, 

i.e. open subsets of Q2 of all pairs (51,52) such that sg{gi) G Ua- It is clear that il*'*'^ 
is a common refinement of il^'P''i and of all the open coverings w.r.t. which the remaining 
pulled-back 1-cocycles are defined. For the sake of simplicity, 1 will omit all restriction 
maps to the common refinements.*'*'^ of Q2. 

Notice also that the first 1-cocycle is equal to the fourth one, the second one is equal 
to the sixth one and the third one is equal to the fifth one, by Equations (I4.24> : at a global 
level, it means that there are three identities between principal Ti-bundles over Q2: 

w\{s*gP) = W*2{t*gP)^ W*i{t*gP) = l^*[t*gP), wli^lP) = 
for P being the principal 7i-bundle over Xg corresponding to the 1-cocycle (e, $). 
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Lemma 4.29. The following coboundary relations hold in (il'*'*'^, Sg^.n)-' 

Proof. The proof is a trivial consequence of Equation ( I4.23> . by taking pull-backs and 
restrictions. □ 

Notice also the following coboundary relations: 

prl(4fe*)) = (P'-2 0)pr;(4fe^)) . 

/^*(iafet)) = (A^*0)pr2(4fe*))- 

At a global level, it means that there are morphisms of principal 7i-bundles over Q2, 
namely: 

prj e 

pr2(4^)=M*(4^) = P4it*gP)^prl{s*gP), 
P4it*gP) = P4i4P) '''^^ P4it*gP) = f^*{t*gP), 

P4is*gP) = M*(4^) M*(ta^) - P^Ut*gP)- 

Combining the above coboundary relations, provided one restricts the 1-cocycles and 0- 
cochains to the common refinement il'''*'^, one gets the following 

Lemma 4.30. Equation i4.13\l satisfied by the components of the local generalized mor- 
phism Q is equivalent to the following compatibility condition for Ti-bundle morphisms 
over Q2: 

(4.26) ^pr^eopr^e. 

Putting Lemmata l4.27ll4.29l and l430l together. one gets the following 

Theorem 4.31. Given two Lie groupoids Q and Ti., local generalized morphisms Q from 
Q toH are in one-to-one correspondence with principal bundles P over Xg with structure 
groupoid TL, such that there is a morphism O of principal Ti-bundles between SgP and 
tgP, inducing in turn compatible morphisms pr2 Q from pr2 (s^P) to pr^ (s^P), prj 
from pvl {sgP) to prl (tgP) and ^*Qfrom pit, (sgP) to pr^ (tgP) in the sense of Equation 
MM- 

Let me now consider, for a given open covering il, two local generalized morphisms 
Q and H from Q to Ti, and a local equivalence E between them, in the sense of Defini- 
tion l4.23l The generalized morphisms Q and H correspond to respective local trivializing 
data, which in turn give rise to 1-cocycles (ei, $i) and (e^, $^), and it is clear, from the 
arguments of Subsection 13. 51 that an equivalence S between them induces a coboundary 
S in C^{'d,Sxg,H) between (ei,$i) and (e^, Furthermore, one can pull the 0- 
cochain S back w.r.t. sg and tg, obtaining two 0-cochains s^S and t^S in C'^(il*, Sg.n) 
and C'^ {ii^ , Sg ^T-i) respectively; it is clear that these 0-cochains induce coboundaries be- 
tween the respective pull-backs of the 1-cocycles (e^, and (e^, . This means that 
the principal 7i -bundles Pi and P2, associated respectively to the 1-cocycles (ei, $i) and 
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(e^, $^), are isomorphic; obviously, their respective pull-backs SgPi and SgP2, as well as 
tgPi and tgP2, are isomorphic. 

Consider now the restrictions of the two pulled-back 0-cochains to the common refine- 
ment of it" and il* given by the source-target covering of Q ; then, by recalling the definition 
of the restriction morphism, the third equation in Definition l4.23l can be rewritten as 

(4.27) p;(ieS)e = Hpt(4E); 

the above equation makes sense in C"(U"'*, iSg_7^), which is a groupoid, as proved in Sub- 
section l331 It is already known that the pull-bac ks Sg Pi and tgPi, as well as SgP2 and 
tgP2, are isomorphic as 7i-bundles. Equation ( I4.27t means simply that the following 
square of ?i -bundle morphisms commute: 

(4.28) 4s| jtjs 

s*gP2 t*gP2. 

By the compatibility condition expressed in the remark after Definition 1^23] between the 
Conditions b) and c), it follows that the higher pull-backs of E w.rt. the three maps from 
G2 to Q previously introduced induce morphisms of H-bundles over G2, which respect the 
compatibility condition ( I4.26> for the pull-backs of O and H. 

So, the following result is a consequence of all the previous computations: 

Theorem 4.32. Given two Lie groupoids Q and Ti., equivalence classes ( in the sense of 
Subsection [4.41 of generalized morphisms from Q to Ti ( in the sense of Definition [4.41 
are represented by isomorphism classes of principal Ti-bundles over Xg, which induce 
equivalence classes of bundle morphisms from the pull-backs of such bundles w.r.t. sg and 
tg; these equivalence classes of bundle morphisms obey the compatibility condition A4.261 
as morphisms of bundles over the term of degree 2 in the simplicial manifold Q, associated 
to the groupoid Q. 

Example 4.33. Let me discuss an interesting consequence of Theorem l4.32l Let me con- 
sider a smooth, surjective local homeomorphism / from a manifold X to a manifold Y, 
and consider the fibred product X Xy X, namely the submanifold of the Cartesian product 
of X with itself consisting of all pairs {xi, X2), such that f{xi) — f{x2). It is clear that 
X XyX can be viewed as a Lie subgroupoid of the product groupoid X xX of X, with the 
same source, target, unit, inversion maps and product. Let me also consider a Lie group 
G, which can be thought of as a Lie groupoid. Theorem 14. 321 allows to give an explicit 
description of generalized morphisms from X Xy X to G. Namely, consider the mani- 
fold of objects of X Xy X, which is simply X itself; then, a generalized morphism from 
X Xy X to G consists of a principal bundle over X with structure groupoid G, which, by 
the arguments of Subsubsection l3.3.'2l is simply a principal G-bundle Q over X. Later, the 
source, resp. target, map of X Xy X is the projection pr2, resp. prj^, from X Xy X to X; 
then, Theorem l4.32l imDlies the existence of a G-bundle morphism Q from Q to pr| Q. 
Furthermore, let me consider the term of degree 2 of the simplicial manifold associated to 
X Xy X: it is not difficult to prove that it can be identified with the triple fibred product 
X Xy X Xy X; similarly, the face maps from X Xy X Xy X to X Xy X are simply 
given by 

Pri = Pri2> Pi'2 = Pi'23> M = Pi'i3 • 
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The compatibility condition J4.26t satisfied by the pull-backs of 9 w.r.t. pr^^, 1 < i < j < 
3, can be written as 

(4.29) prJ3e = prj2epr*3e, 

where pr23 is a G-bundle morphism from pig Q to pr2 Q, pr|2 6 is a G-bundle mor- 
phism from pr2 Q to prl Q, and pr^g is a G-bundle morphism from prg Q to prj Q. 
Recalling e.g. from 1 15 1 or 1 18 1 that any G-bundle morphism is an isomorphism, if I con- 
sider the inverse </> of as a G-bundle isomorphism fromp^Q to p^Q, then a generalized 
morphism from X xy X to G is equivalent to classical G-descent data w.r.t. a smooth, 
surjective local homeomorphism from X to Y, see e.g. |2j. Chapter 5, Section 1 for 
more details on such descent data. Equivalently, this construction leads (see also |2 1) to a 
principal G-bundle P over Y, such that the G-bundle Q over X is naturally identified with 
the pull-back of P w.rt. /. To any smooth, surjective local homeomorphism f : X ^ Y 
corresponds the category of G-descent data w.rt. /, whose objects consist of G-bundles Q 
over X, such that there is a descent morphism from prj Q to pr2 Q as G-bundles over the 
fibre product X XyX, satisfying the compatibility condition ( I4.29> . and whose morphisms 
are G-bundle morphisms, which are compatible with the respective descent morphisms. By 
Proposition 5.1.3. of 1 2 1, the pull-back /* w.rt. a smooth, surjective local homeomorphism 
f : X Y induces an equivalence of categories between the category of G-bundles over 
Y and the category of G-descent data w.rt. /, i.e. 

Theorem 4.34. Given a smooth, surjective local homeomorphism f : X Y, equiva- 
lence classes of generalized morphisms from X Xy X to G are in one-to-one correspon- 
dence via pull-back w.rt. f to isomorphism classes of G-bundles over Y, also to isomor- 
phism classes of G-descent data w.rt. f. 

Theorem l4.34l is the main reason, why generalized morphisms can be looked at as gen- 
eralizations of classical descent data for principal bundles. 

Example 4.35. Let me just mention another consequence of Theorem 14.321 this result, 
although at the beginning I did not expect it, was the main motivation, coming from Topo- 
logical Quantum Field Theory, to pursue the theory of principal bundles with structure 
groupoid. Namely, consider the fundamental groupoid n(M) of a smooth manifold M, 
whose manifold of objects is M, and, for any two objects x, y, the set of arrows from xtoy 
consists of all endpoints-preserving homotopy classes of smooth curves from x to y; mul- 
tiplication is given by composition of homotopy classes. Since only endpoints-preserving 
homotopy classes of curves in M are considered, and since one may assume that all such 
curves are parametrized over the unit interval I, then the target, resp. source, map of Ii{M) 
is the well-known evaluation map at 1, resp. at 0; let me also notice that the isotropy group 
at X corresponds to the fundamental group of M based at x. Let me also consider a Lie 
group G, viewed as a trivial Lie groupoid. Then, using the results of |17| and of Theo- 
rem |^2] one can view isomorphism classes of flat principal G-bundles as equivalence 
classes of generalized morphisms from n(A/) to G. I will pursue this topic extensively 
in a subsequent paper, where I will prove the previous claim in all the details; let me just 
mention the main idea, namely to formalize in a fancy way the properties of the parallel 
transport, and then to obtain a connection starting from such an abstract parallel transport, 
such that the corresponding parallel transport equals the abstract one. The fancy version of 
the parallel transport is given in terms of generalized gauge transformations, following the 
computations in 1 17 1. Let me also mention that one could consider, more generally, gener- 
alized morphism from n(Af) to a Lie groupoid Q, using also methods introduced in LlSl : 
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this is expected to give a meaningful concept of flat connections of principal bundles with 
structure groupoid Q; I plan to pursue also this topic in a subsequent paper in terms of 
abstract parallel transport. 

Let me now formulate the results expressed in Theorem 14.321 in the context of non- 
abelian Cech cohomology, restricting here to the canonical sheaf Sn of groupoids asso- 
ciated to a Lie groupoid TC. I plan to come to the subject in more detail in subsequent 
works; in particular, it would be interesting to formulate a generalization of the theory of 
descent in the framework of Lie groupoids for general sheaves of groupoids, motivated by 
the previous results. 

An open covering il of Xg gives rise to an open covering of the simplicial manifold 
Q, associated to Q, i.e. it is possible to construct an open covering of any Qn, and these 
coverings are compatible with each other by the face maps in the sense that I am going 
to explain below. Consider the piece Qn of degree n, which is by definition the set of 
neighbour-to-neighbour pairwise composable elements in Q": 

Qn = {(ffl, • • ■ ,5'n) e 5": Sg{g.i) = tg{g,+i), i = 1, ... ,71- 1}. 

An open covering of Qn constructed from H is given by the collection of all sets of the form 

t/"ai,...,Q„+i : = {(gi, • ■ ■ ,ffn) e tg{gi) e C/ai,Sg(5„+i) G t/a„+i, 

sg{gi) = ig{9i+i) ^ t^oi+i} ■ 
It is clear that any set Ua^^,,,^a,^+i is open: in fact, it can be written as the intersection with 
Qn of the product of open sets in Q^ of the form 

n 
i=l 

(Notice that I have inverted the roles of source and target maps w.r.t. the previous nota- 
tions; I did so for consistency reasons with the notations I have chosen for the indices.) 
Furthermore, it is not difficult to prove that the collection of such open sets is truly an open 
covering of Qn'- namely, let {gi, . . . , gn) be an element of Qn, then there exist n+1 indices 
ai,... ,a„, such that tg{gi) e Ua^, sg{gn) 6 C^q„+i and sg{g^) = tg{gi+i) e C/a,+i, 
since U is an open covering of Xg. I denote by il" the covering of Qn previously con- 
structed; similarly, by il* I denote the collection of all open coverings il". I now explain 
the compatibility conditions for il*. The simplicial structure of Q, is encoded in the exis- 
tence of the so-called face maps. There are exactly n + 1 such face maps from Qn to Qn-i, 
denoted by fc = 0, . . . , n, which are explicitly given by 

{(.92,---,5n), fc==0 
(.91, • • • ,5i5i+i7 • ■ ■ :5n) , l<fc<n-l 
(.91, ■ ■ • , k = n. 

Set Qq = Xg, and to,i = tg and ti i = sg. Observe that, to be more precise, a simpli- 
cial manifold possesses another set of face maps, which go in the opposite direction (the 
face maps tj. „ encode a sort of "homological data", while the second set encode "coho- 
mological data"). Since, for my purposes, I need only the "homological" face maps, I will 
simply neglect the "cohomological" face maps; nonetheless, it was worth mentioning their 
existence. All face maps must satisfy a set of compatibility conditions, for whose explicit 
definition I refer to 1 1 1 ; as an example, all compatibility conditions for the face maps from 
Q2 to Qi with the face maps from Qi to Qo = Xg are written in ( I4.24t . Given the open 
covering il"^^ of Qn-i, one can construct in principle n+1 different open coverings of 
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Qn by pulling back il" ^ w.r.t. to the n + 1 face maps; I denote by H'"'" the pull-back of 
w.r.t. the face map tfc „, i.e. the collections of all open sets of the form 

''fc,n(t^ai,...,a„) , ("1, . . . ,a„) G A", 

A being the index set of the open covering il. There are exactly n + 1 projections Pii---i^ 
from to A", for 1 < il < • • • < i„ < n + 1. 

Lemma 4.36. Any projection which forgets the k + 1-th factor, makes il", 

w/zose ^n^^e;lc set is by construction ^4"+^ a refinement o/il'^'", /or any 1 < fc < n; hence, 
il" is a common refinement of all open coverings il*"'". 

Proof. Consider first, for fc = 0, the pull-back il*' "; one has to show that 

C^Ql,...,Q„ + l ^ I V(q!i, . . . , a„+i) G A""*" . 

Namely, consider (gi, . . . , (7„) in [/qj ... q^^^, then, by its very definition, to.n(5i, ■ • ■ , 5n) = 
{92, ■ ■ ■ , gn), and by the construction of il", is follows immediately that (52, • ■ • ,3n) 
belongs to Ua2,...,a„+i- Similarly, one proves the claim for k = n. Let me consider 
< < n; then, one has to show 

/7ai,...,a„+i l'k,n(Uai,...,<^::^,,...,a^+,) , V(ai , . . . , Q;„+i) G + \ 

In this case, one has 

tfc^nCgi, • • • = (gi, ■ • ■ ,5fc3fc+i, ■ ■ • ,ffn); 

since tg{gkgk+i) = tg(gk) and sg{gkgk+i) = sg(.gfe+i), one has 
tg{.9kgk+i) e C/^^, sg{gkgk+i) e J/a^+s- 
which implies the claim. □ 

This is the compatibility condition for the open covering il*. 
Now, consider the first nonabelian Cech cohomology group 

H\il,5c;o,w) w.rt. the 

open covering il, introduced in Subsection 13.51 its elements correspond to isomorphism 
classes of principal Ti-bundles trivialized w.r.t. il. Then, the face map tp,!. resp. ti 1, in- 
duce by pull-back a map from H^(il, to 11^ ,Sg^^u), resp. Y{^{iX^'^,Sg^^u). 
By Lemma 14.361 and Lemma D. 301 of Subsection 13.51 there is a map p\, resp. P2, from 
H^(ilO'\5ei,w), resp. H^(ili'\5e,,w), to }l^{^^,Sg,M)- Thus, there are two different 
maps from H^(il, iSgg^T^) to H^(il^,iSgj_-H). Furthermore, there are three face maps 2 
from Q2 to Qi\ these induce, by pull-back, three different maps from H^(il^,5gj^>^) to 
H^(il'=^2 respectively, for < fc < 2. Also, again by Lemma l4.36l and Lemma l3.30l 
of Subsection l3.5l there are three maps p* from h1(U'='2,5(j,,w) to Hi(il2,5g2,w); the 
index fc, according to the above notations, is such that fc+1 is the missing index in {1, 2, 3}, 
when sorting out {i, j}. So, there are three different natural maps from 

,w) to 

Hi(il2,5g,,^^). Thisproced ure can be iterated at every order n, thus, one gets 

Proposition 4.37. Given two Lie groupoids Q and Ti., an open covering = il of Go' 
there is a sequence of first nonabelian Cech cohomology groups H^(il", Sg^,T-i), denoted 
collectively by H^(il*,iSg, ^7^), and, for every n, n + 1 maps pk,n, < fc < n, from 
Hi(il"-\5g„_i,«) to ll^{ir,Sg^^n); these maps depend only on the face maps of the 
simplicial manifold and satisfy, by their very construction, compatibility conditions 
contravariant to the ones satisfied by the face maps. 
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Proof. It is clear from the construction; that in fact the maps pk,n depend only on the 
corresponding face maps is a consequence of Lemma l3.31l of Subsection l3.5l Taking the 
pull-backs of the compatibility conditions between face maps gives the compatibility con- 
ditions between the maps pk,n- D 



Consider now an equivalence class of a local generalized morphism 6; by Theorem l4.32l 
the cohomology class [e, $] in (it", Sg^^) is such that its images w.r.t. po.i and pi i in 

(il^, Sg^.n) coincide. In fact, the restriction of 9, viewed as a 0-cochain, provide the 
desired identification. Moreover, the further images w.rt. pk.2 of this cohomology class 
also coincide, again by Theorem l4.32l Iterating this procedure, one verifies that the images 
w.r.t. pfc „ of the higher images of the cohomology class corresponding to the equivalence 
class of the local generalized morphism 6 always coincide. 

Consider now a refinement QJ*' of Qo', by Lemma 14.361 one has a corresponding open 
covering 5J' of Q,. 

Lemma 4.38. Denoting by f any refinement map associated to 57*^, the Cartesian products 
of f with itself, collectively denoted by /*, make 03* into a refinement of U.* . 

Proof. Namely, consider 03", for a general index n; one has to show that /"+^, the Carte- 
sian product of / with itself n + 1 times, has the property that 

V}3i,...,/5„+i '^Uf(i3^)^,„j(i3^^^), V(/3i, . . . ,/3„+i) e 

B denoting the index set of 53". In fact, by definition, if (51, . . . , gn) lies in V^i,...,;3„^i, it 
means that 

tgi.gi) ^ypi, sg{g^) ^tg{g^+i) €Vp., 2<i<n, se(5n+i) e V^/3„+i- 
But since Vp C Uf(^py for any /3 e _B, it follows 

tgi.9i) e C^/(/3i), sg{gi) = tg{g^+i) e C//(/3i)> 2 < j < n, sg(g„+i) £ C//(;3„+i), 
which is equivalent to the result. □ 

If we are given a refinement 23" of il", then this induces, by Lemma 13.311 of Sub- 
section 13.51 a well-defined restriction map in nonabelian cohomology; furthermore, by 
Lemma 14.381 it induces a well-defined restriction map from the nonabelian cohomology 
group H^(il*, Sg,_H) to H^(23*, ^-h). It remains to check that the restriction maps are 
compatible with the maps pk,n, for every n. 

Lemma 4.39. The following square of maps is commutative, for any index n and for every 
<k < n: 

(r-Y| [irr 

where f is any refinement map associated to the refinement 03" o/il". 



Proof. By Lemma 13. 30l of Subsection l3.5l it is sufficient to work at the level of represen- 
tatives; then, the claim follows clearly by the constructions of the maps. Notice that by 
Lemma 13.311 the vertical maps in the above commutative square do not depend on the 
choice of /. □ 
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So, the "cosimplicial" structure of the nonabelian cohomology groups H^(il', 
given by the maps pk,n, is preserved by the refinement procedure. The main consequence 
is one can define the nonabehan cohomology sequence ii^{Q,,Sg,^T-c) as a direct limit of 
the cohomology sequence H^(il*, ^g;,/^) w.r.t. the refinement relation for open coverings 
11° of Qo; moreover, the "cosimplicial structure" encoded in the maps „ descends to 

{Q, , Sg, ^u)- Thus, equivalence classes of local generalized morphisms can be charac- 
terized in nonabelian Cech cohomology also by the following 

Theorem 4.40. Given two Lie groupoids Q and Ti, equivalence classes of generalized 
morphisms from Q to Ti. give rise to a sequence of cohomology classes in H^(5», iScj.^-h), 
which is compatible with all maps pk,n- 

Remark 4.41. A natural question arises at this point, which I think should deserve some 
attention: equivalence classes of generalized morphisms give rise to a compatible sequence 
of cohomology classes; do then all such compatible sequences of cohomology classes 
correspond to generalized morphisms? Or are there other objects, and which properties do 
they have? Do they somehow "generalize" the properties of generalized morphisms? 

5. The composition law for generalized morphisms 

The aim of this Section is to construct a suitable composition law for local generalized 
morphisms in the sense of Definition l4.16l of Subsection l4.2l Due to their (tautological!) 
local nature of , it is not possible to compose cocycles in the obvious way; this will be 
particularly clear when analyzing the local structure of the composition of generalized 
morphisms in the sense of Definition l4.4l 

Thus, the task can be divided into two pieces: in the next subsection, I discuss the 
composition law for generalized morphisms in the sense of Definition l4.4l following 1161 
and L15J . and I will in particular discuss the division map of the composition of two gen- 
eralized morphisms. Many details, like the general construction of associated bundles, are 
skipped, deserving to them special attention later Using then arguments from Subsec- 
tion B.ll and Subsection l4.1l I will display a formula for the composition of local general- 
ized morphisms arising naturally from generalized morphisms. 

In the subsequent Subsection, I will generalize the notion of composition of local gen- 
eralized morphisms, pointing out in particular to the "refinement trick", where I will intro- 
duce what may be called a "birefinement". Once this is known, it is then relatively easy 
to define the composition law of local generalized morphisms, which corresponds to the 
composition law for generalized morphisms. 

5.1. From generalized morphisms to local generalized morphisms: the division map 
of the composition of generalized morphisms. From now on, to simplify notations, I 

will write Q ^ Ti for a generalized morphism {P,TT,e,Xg) with a left C?-action, as in 

Definition 14.41 Likewise, I will denote usually hy Q H, or simply by 8^, the equiv- 
alent local generalized morphism, discussed in Subsection 14. II Given a local generalized 

morphism 8, denote hy Q ^ H the equivalent generalized morphism. It is already known 
that there is an equivalence 

P Q 

Given three groupoids T, Q and 7i, and two generalized morphisms J- Q, Q ^ Ti, 
is there a natural notion of composition? And how is this notion of composition related 
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to the corresponding local generalized morphisms 8^ and Q^l The composition law for 
generalized morphisms has already been studied by many authors; 1 will follow here the 
approach and conventions of e.g. [151 and [16]. I will only sketch some details; I will but 
discuss in great detail the division map of the composite of the generalized morphisms P 
and Q. 

Given now two generalized morphisms P and Q as above, i.e. a right principal Q- 
bundle (P, TTi,ei, Xy^) endowed with a compatible left JF-action with momentum tti and 
a right principal 7i-bundle {Q, 112,62, Xg) endowed with a left ^-action with momentum 
TT2, define their composition P o Q as the "associated bundle" P Xg Q. Let me point out 
that there is a natural notion of bundle associated to a principal bundle (P, it, e, X) with 
structure groupoid Q, for some (left) "representation" of Q; here, by a left representation 
of Q is meant a 3-tuple {£, Jg, Xg), where z) £ is a fiber bundle over Xg in the usual 
sense, the manifold of objects of Q, with natural projection Jg and ii) f is a left t/-space 
with momentum Jg. I will discuss in detail the construction of associated bundle, from the 
global and local point of view in subsequent work. 

In the present situation, given the ^/-bundle (P, tti , ei , Xjr), let me consider the 3-tuple 
{Q,TT2, Xg) as a left -representation; all requirements are satisfied, because Q is a gen- 
eralized morphism from Q to Ti. It thus makes sense to consider the associated bundle 
P Xg Q, which is a bundle over Xjr with typical fibre Q: an element thereof consists of 
an equivalence class of pairs of shape 

ip,q)£PxQ, = 7r2(g), 

and the equivalence relation is given by 

(^1,91) ^ {P2,q2) <^^g eQ: {pig,g~^qi) = (^2,92), tg{g) = ei{pi). 

Since tti and £2 are both ^/-invariant, they descend to well-defined maps from P Xg Q to 
Xjr and Xn, which 1 denote by tF and e respectively: 

(5.1) Tf{[p,q]): =7ri(p), e{[p,q]) : = e2{q). 
There is a left jF-action on P x g Q with momentum tF 

(5.2) g X- (P Xg Q) 3 if, [p, q]) ^ [gp, q], 
and a right 7i-action with momentum e 

(5.3) (P Xg Q)x-H3 {[p,q],h) ^ [p,qh]. 

It is not difficult to verify that both actions ( I5.2l i and ( 15.31 1 are well-defined and that they 
are truly actions; moreover, it is clear that W is 7i-invariant, while e is .F-invariant. 

There is a division map w.rt. the right 7i-action, which implies immediately by Defi- 
nition lTTI of Section |2l that the 4-tuple [P xg Q,Tf,e,Xjr) is a right principal 7i-bundle 
over Xyr: namely, the map (pQoP defined by 

{£i{pi) = T^2{qi), 
£1(^2) = 7r2(g2), 
TTibi) = 7ri(p2), 

is the division map of the bundle PxgQ. First of all, let me show that the map of Equation 
(15 ■4t is well-defined. I show first that the operations involved make sense: 

i) 4'p{Pi:P2) makes sense, since 7ri(pi) = tti{p2)', 

ii) the product 4>p{pi,P2)<l2 also makes sense, since 

7r2(g2) £1(^2) = sg{(j)p{pi,p2)) ; 
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iii) the elements qi and 4'p{pi,p2)q2 lie in the same fiber of 7r2, since 
7r2((7i) = ei{pi) = tg{4>p{pi,p2)) = 7r2((/)_p(pi,p2)(72) ■ 

Let me show now independence on the chosen representatives of the classes; for this pur- 
pose, I need the following general 

Lemma 5.1. Given a generalized morphism Q ^ TL, the division map (j)Q is Q-invariant, 
where we consider the diagonal action ofQ on the fibred product QqQ w.r.t. the momentum 
given by the natural projection from Q Q Q to Xg. 

For the proof, see e.g. |I15| or II18I 

Remark 5.2. Lemma IsTI will play a fundamental role later in the local theory of Morita 
equivalences, in particular in the "factorization formula" for the division map. 

It is now possible to show that the map \5A\ does not depend on the choice of represen- 
tatives of the two classes involved, namely, I take different representatives as follows: 

ei(pi) = igigi), £i{P2) = tg{g2)- 

Then, the map (15. 4> behaves as follows: 

4>Qop{[pigi,gi^qi], [P2g2,g2^q2]) ^ <pQ{gi^qi,<l>p{pigi,P2g2)g2^q2) = 

= <pQ{gi^qi,gT^4>p{pi,P2)g2g2^q2) = 

= <^Q(ffr^9i'5rVp(pi,P2)g2) = 

= <pQ{qi,(l)p{Pi,P2)q2) = 

= (t>Qop{[pi,qi], [P2,q2]) , 

where the last identity is a consequence of Lemma l5.ll and I have used of the 5-equivariance 
of the division map (j)p of P. 

It remains to show that the map iSAi satisfies Equation (12. 2> . which shows definitely 
that it is the division map for Q o P. Namely, consider any two equivalence classes [pi , qi] 
and [p2, 92] in P Xg Q lying in the same fiber of 7f, i.e. 

7ri(pi) = TTl{p2). 

Then, one gets 

[pi,qi]<l>Qop{[pi,qi],[P2,q2]) = [pi,qi](l)Q{qi,<l>p{pi,P2)q2) = 

= [Pi,9i</>q(9i,<Ap(Pi,P2)'72)] = 

= [P1,0P(P1,P2)'?2] = 

= [pi<pp{pi,P2),q2] = 
= [P2,q2], 

where I have used Equation (12. 2> for (/)p and <j)Q, as well as of the (y-invariance of any class 
in P Xg Q. 

Hence, the 4-tuple (P Xg Q,Tf,e, Xyr), endowed with the left J^-action (15. 2> and right 
7i-action (15. 3> . is a generalized morphism in the sense of Definition l4.4l which I denote by 

The shape of the division map i5A\ is very important: in fact, the local generalized 
morphism associated to a generalized morphism is explicitly constructed via the division 
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map of the generalized morphism, viewed as a principal H-bundle. This is the aim of what 
will follow: i.e. I want to relate the local generalized morphism QqoP associated to the 

composition T H to the respective local generalized morphisms Qp and 8q. This 
will give the answer to the natural question: since local generalized morphisms (viewed 
as generalized morphisms) can be composed, what is the shape of their composition as a 
local generalized morphism? 



5.2. From generalized morphisms to local generalized morphisms: the composition 
law in terms of the division map. Following the construction in Subsection 14. II what I 
need in order to construct the local generalized morphism QqoP is an open cover of Xjr, 
as well as local sections w.r.t. to the chosen cover of the projection W. This is a subtle 
point of the construction: in fact, one cannot simply take any cover of Xjr, because of 
the definition of the associated bundle P xg Q. In fact, any representative of a general 
equivalence class [pi, qi]m P xg Q obeys the equation 

£i(pi) = T^2{qi), 

which puts some constraints on the possible sections of W. To deal with this compatibility 
relation, I work as follows: 

i) choose first any open cover iijr of Xjr and local sections ct^ of tti; the associated 
local momenta are, as usual, simply £a — £i ° (^a ■ Ua ~^ Xg. 

ii) consider then an open cover 2Jg of Xg and associated local sections af of tt2', 
notice that, for the cover QJg, Latin indices are used, instead of Greek indices as 
for the cover iijr of Xjr. Since QJg is an open cover of Xg, it follows that any 
set £^([/q,) (which is not necessarily open; in fact, this may happen when the 
local momenta are open maps, i.e. when the global momentum ei is an open map) 
is covered by open sets Vf, the intersection el^{Uci) fl is open in the relative 
topology of el^{Ua), and will be denoted by Va^^a - Since e^^ is smooth, it follows 
that the preimage : = (£a)^^(^Qi,ei) is relatively open in Ua (hence, it is 
open in Xyr). Moreover, since 

eiiUc.)^ U ei(t/a)nF„ 

i: el (C/a)nVi#0 

it follows 

i: el (C/„)ny,#0 

i.e. the open sets cover Ua, with the index i such that £a{Ua)riVi is nontrivial. 

iii) I define a refinement iXjr of the cover iljr of Xyr as follows: any open set Ua of 
the cover iljc- is covered by the open sets which I have constructed in Part 
ii). The local sections a^^. are simply set to be the restrictions of the section ct^ to 
Uai, which are clearly again sections of tti; but now, the local momenta map 
C/q. to Vi, hence it makes sense to consider the composition af o : Ua^ Q. 

With the previous notations in mind, I consider the following local sections of n w.rt. the 
open cover iiyr of Xyr; 



(5.5) 



Ua, P XgQ, 

X ^ [<(x),a2(ei^(x))] 
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It is easy to verify that the maps are well-defined sections of tt; moreover, an immediate 
computation shows, recalling Equations ( 15. 1> , that the associated local momenta are simply 



Now that a convenient set of local sections for the composition QoP has been found, I need 
for later purposes to compute the associated transition maps. Recalling the constructions 
in Subsections l3.ll let me perform the following computation: 

= <I^Q{anel{x)),<j)p{alix),a}>^{x)) (^(.x))) 
= <I>Q {<^f {tg ($^^^^. (x)) ) , {x)a] (se (a 

where I have made use of the first set of identities in Definition 13 .41 I have also used the 
following notation: 



where denotes the transition map of P associated to the local sections ctq and ct/j. 
Hence, one can summarize the result of the previous computation as follows: the general- 
ized morphism QoP has transition maps of the following form 

MoP, 



(5.6) 



where 8'^ is the local generalized morphism subordinate to the local trivializing data for 
Q with cover 2Jg. With the same choice of local sections of tt, one gets the following 
expression for the associated generahzed morphism S'^"^, where I recall Identity J4.8> : 

=0Qop(aft.(t^(/)),/a„,(M/))) - 

-0Qop([ai^(t^(/)),fT|(4^.(t^(/))) 

= 0Qop([ai^(t^(/)),a|(4/t^(/))) 

/<^^(/)))^f(4(^^(/)))) = 

= (^f (is (e|^ ,„,(/))) , e^^. (/)a2 (e^^. 
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In the above computations, I have used the commutativity of the diagrams ( 14.121 1 of Defi- 
nition!^^ Finally, with all the above notations, 1 have the following formula: 

(5-7) eg^^(/) = e^9,(e£.„^(/)), t^(/)ec/;3,, 

P Q 

Hence, to the composition of two generalized morphisms T ^ Q and Q TL, whose 
associated local generalized morphisms are 9^ and 8'^ respectively, can be associated a 
local generalized morphism Q^°^ . Taking some care towards the local nature of 9^ and 
can be viewed as the composition of the local generalized morphisms 9*5 and 

9^. 

5.3. The composition law for local generaUzed morphisms: the refinement trick and 
the general arguments. Motivated by the result (|^) at the end of the preceding subsec- 
tion, 1 now generalize the previous construction to the case of general local generalized 
morphisms in the sense of Definition l4.16l Hence, let me consider three Lie groupoids T, 

Q and H, and two local generalized morphisms T ^ Q and Q ^ TC. Let 9 be subor- 
dinate to the local trivializing data (iljr, e^, $0/3) over Xyr with values in Q, resp. H be 
subordinate to the local trivializing data (jX}g,ef, ^'^ ) over Xg with values in H. 

First of all, before entering into the details of the construction of the composition of H 
with 9, I need a discussion on the refinement trick sketched in the previous subsection. I 
proceed along the following steps: 

i) I consider all subsets of Xg of the shape 

ii) Since 2Jg is a cover of Xg, it is possible to write 

4(c^o)= U (^.n el ([/„)). 

i: yine;^(C/a)5^0 

Since the subsets Vi are all open, the nontrivial subsets Vi n e\{Ua) are rela- 
tively open in e]^{Ua) (even the trivial ones, but they are of no interest). 

iii) Since the local momenta e\ are smooth, the preimages 

are relatively open in and hence they are open in Xjr; moreover. 

Since the cover it follows that 

n^: ={Ua^cX^}^. 

is also a cover and, by its very definition, it is moreover a refinement of the 
cover ii, where the refinement map is simply t-^ i. 

iv) The refinement iijr has the following important property: considering the 
new local momenta as the restrictions of the local momenta to Ua, C 
C/q 1, it follows by the very construction: 

(5.8) ei^ : f/„, c C/,,! ^ K: n e^,i{U^) C V,, 

which is the main property that I need to construct the composition of H with 
9. 
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Given now the generalized morphism O from J-toQ subordinate to the local trivializing 
data (iljF, Eq, $0/3), define its refinement 8 w.r.t. the cover Ujr as follows: 

i) the corresponding local triviaUzing data are now (iljp-, . , ^uiPj ) , where 
(5 9) ■ = eM 

(5.10) $„,/3^ : = ^a/3|j,^^nc/^^ ' ^ ^^ft ^ 

By standard arguments in ordinary nonabelian Cech cohomology, it is not difficult 
to verify that the 3-tuple (iljr, , defines local triviahzing data in the 

sense of Definition l3.4l 

ii) The local morphism 8 is defined as follows: 

(5.11) e/3,a.(/): ^QpM), /e-^a.A. 

Then, one gets the following 

Proposition 5.3. The A-tuple (iX;p, e^. , $0^/3^ , 8/3^0;) is a local generalized morphism in 
the sense ofDefinition \4.1(^ 

Proof. It is akeady known that the 3-tuple (iljr, . , ^aiPj ) defines local trivializing data; 
hence, it remains to check that the three diagrams in ( I4.12> commute, that ( I4.13> and ( I4.14> 

hold. 

Let me check the commutativity of the first diagram in ( I4.12> : the proof of the commu- 
tativity if the remaining two is immediate. Namely, 

sg (eft.a,(/)) - .Sc;(8^„(/)) = 

by (El. 

The proof of Identity ( I4.13> is straightforward by Equation ( 15. lU . since 8 is a local 
generalized morphism. 

The proof of Identity ( I4.14> is also immediate, by ( I5.10> and ( 15.1 1> and since 8 is 
subordinate to (il, £^ , $0/3) . □ 

I have now all the elements needed to define the composition of two local generalized 
morphisms, provided they are composable. 

H 

Definition 5.4. Given two local generalized morphisms J- ^ Q and Q ^ Ti xn the sense 
of Definition l4.16l subordinate respectively to the local trivializing data (Hjf, , ^ap) and 
(QJg, ef , '^ij), the composition H 08 is defined as follows: consider the open cover ilj^ 
of Xjr, constructed at the beginning of the subsection, the refinement of Ujr "matched" 
with the local momenta e]^ and ef; consequently, consider the corresponding refinement 
8, which, by the previous Lemma, defines also a local generalized morphism. 
Then, consider also the 3-tuple (iljr, . , '^aiP^ ) , where 



(5.12) e„^: = o e\^, 

(5.13) : =Hy O$„^^^. 
Moreover, define 

(5.14) (Ho8)^^.„^(/): =%(eft.„,(/)), 
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The 3-tuple (iij^, T^atPj), together with the maps H o0, defined in J5.14> . is said to be 
the composition of the local generalized morphisms H and 8. 

First of all, notice that the maps defined in ( I5.12t . ( I5.13> and ( I5.14t all make sense, 
because of the construction of the refinement iljc- and because of ( 15. 8> . 
Moreover, the following Theorem holds 

Theorem 5.5. Given two local generalized morphisms J- ~f Q and Q Ti. in the sense of 
Definition \4.16\ subordinate respectively to the local trivializing data (il^, e^, ^ajs) o.nd 
(OJg, ef , '^ij), the map H oO, defined in \5.14\ is a local generalized morphism, subordi- 
nate to the local trivializing data (iljr, ej,. , ^^.^^ ). 

Proof. Proposition IS . 3l implies immediately that (llj^, e„ . , ^atPj ) defines local trivializing 
data on Xjr with values in TC, since H is a local generalized morphism subordinate to the 
local trivializing data (QJg, e?, VPy). 

It remains therefore to check that the three diagrams in ( I4.12> commute, and that both 
identities ( I4.13> and ( I4.14t hold. Let me check the commutativity of the first diagram in 

= e'(sG(e/3,a.(/))) = 

= e^(4(M/))) = 

and similarly for the remaining two diagrams. 
To check Identity ( I4.13> . let me compute 

(H°0)^,a.(/l/2) = Hfc,(e^,„,(/i/2)) - 

= Hfe,(e^,^^(/i)eft.„.(/2)) = 

= Hfe,(e,,ft.(/i))H,,(eft.„,(/2)) = 

= (Hoe)^^^//i) (Hoe)^^.„^(/2), /i e ^ft,^,, /2 e 

since both H and 8 are both local generalized morphisms. 

Identity j4.14D . expressing the compatibility condition between the local generalized 
morphism and and the transition maps of the corresponding local trivializing data, is a 
consequence of Proposition IS. 3l and of the fact that H is a local generalized morphism: 

(H°e)^^.„^(/) = %(e/3,a,(/)) - 

□ 

Thus, it is possible to define in a meaningful way the composition of two composable 

local generalized morphisms T ^ Ti and Q ^ TL; moreover, the computations performed 
in Subsection 15. II combined with the preceding computations and with Lemma 14.191 of 
subsection 14.21 shows that the local generalized morphism associated to the composition 
of two generalized morphism is exactly the composition of the associated local generalized 
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morphisms and viceversa. Moreover, the computations done in the previous subsection 
show immediately that the composition of local generalized morphisms corresponds to the 
composition of the associated generalized morphisms, and viceversa. 

Remark 5.6. The final result iljr of the "refinement trick" I sketched above I call a bire- 
finement of ilj^ w.rt. Q3g. Why such a choice of words? Because of its very nature, i.e. 
there are two maps defining the refinement: the first one, ai i~> a, is a refinement map in 
the ordinary sense, whereas the second one, ai ^ i, takes the image of the "birefinement" 
w.r.t. the local momenta £q.,i to the open cover QJg. 

6. MORITA EQUIVALENCE: A LOCAL CHARACTERIZATION 

In this section, I discuss the local nature of Morita equivalences, a special kind of gener- 
alized morphisms between groupoids. I will therefore first introduce the notion of Morita 
equivalence, following closely 1151 and 1161 . I will study carefully how Morita equiva- 
lences give rise, in a canonical way, to two distinct division maps, whose properties I will 
display in detail. Afterwards, I will define the "inverse" of a Morita equivalence, in which 
sense I will explain later The existence of an inverse of a Morita equivalence, combined 
with the results of Subsection l5.1l gives rise to factorization property of division maps. 

Coming subsequently to the local nature of Morita equivalences, I will combine the 
factorization property of division maps with local data, in the same spirit of Subsection l3.ll 
with the results of Section^] this will give rise of a local version of Morita equivalences. 

6.1. Left and right division maps for a Morita equivalence. Before entering into the 
details, I need the following 

Definition 6.1. Given two Lie groupoids Q and Ti, they are said to be Morita equivalent if 
there is a generalized morphism Q ^ Tt in the sense of Definition l4.4l such that the 4-tuple 
(P, e, IT, Xt-c) is a left principal ^-bundle with canonical projection e and momentum tt. 

Given a Lie groupoid Q, the definition and main properties of left principal -bundle are 
completely analogous to those of right C^-bundle: namely, a left principal (J-bundle over X 
is a 4-tuple (P, tt, e, X), such that i) P and X are smooth manifolds, ii) tt is a surjective 
submersion from P to X and e is a smooth map from P to Xg (called the left momentum 
of the bundle). Moreover, the following requirements must be satisfied: 

a) the triple (P, Q, e) defines a smooth left C?-action on P; moreover, tt is ^-invariant. 

b) The map 

Qx,P3 {g,p) ^ {pg,p) ePxxP 
is a diffeomorphism. 

In complete analogy to what was done in Subsection 12.21 one can define the left fibred 
product bundle of a left principal ^-bundle (P, Tr,e,X) with itself, denoted by P 0^ P, by 
setting 

P0lP: ^{{p,q)ePxP:nip)^TT{q)}. 
It can then be proved that the 4-tuple (P 0^ P, tt, e x e, X-h), where 

Tf{p,q): = 7r(p) = 7r(g), exe{pi,p2): ^ {e{p), £{q)) , 

is a left principal ^/^-bundle over X. 

Recall now the construction of the generalized conjugation of a Lie groupoid Q from 
Subsection l2.2l I consider, in this case, the triple {Q^ , Jc, 'I'c), which defines, by Proposi- 
tion]^^ a left t/^-action on Q itself. 
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Definition 6.2. Given a left principal ^/-bundle {P, tt, e, X), the left division map of P is 
defined by the following equation: 

(6.1) (j)p{p,q)q, 7r(p)=7r(g). 

It follows immediately from Definition 16 . 21 that the left division map (pp is a smooth 
map from the fibred product P P to Q; in fact, it is the first component of the smooth 
inverse of the map 

g X P 3 {g,p) ^ {gp,p) e P Ql P- 
Let me state without proof the following 

Proposition 6.3. The left division map (j)p from PQl P to Q has the following properties: 

i) for any point (p, q) of P Ql P, one has 

<PpiP,<l) G Qe{q).6(p)- 

ii) On the diagonal submanifold of the total space of P Ql P, one has 

4>p{p,p)^ig{e{p)), VpeP. 

iii) for any pair (p, q) £ P Ql P, the following equation holds 

notice that the previous equation makes sense, since {p,q) £ P Ql P implies that 
{q,p) G PQlPoIso. 

iv) The triple (^4>p, idg2 , id^g ^ is on equivariant map from the right Q^-space PQlP 
to the right -space Q endowed with the left generalized conjugation defined by 

(Jc,*c). 

p 

Consider now a Morita equivalence between Lie groupoids Q and TC, say — > 7Y, hence, 
there are two principal bundles: the left principal Cy-bundle {P, e , tt , X-u) and the right 

principal 7i -bundle (P, tt, e, Xg). Thus, to a Morita equivalence Q H are associated 
two canonical maps, which I denote by (j)p and (pp respectively, namely the left division 
map of the bundle {P, e, tt, X-h) and the right division map of the bundle {P, tt, e, Xg): 

p = (pp{p,q)q, £{p) = £{q), 

q = p(j)p{p,q), 7r(p)=7r(q). 
For later purposes, I need the following 

Lemma 6.4. Given a Morita equivalence Q Ti., the left, resp. right, division map (j)p, 
resp. (pp, satisfies the following TC-, resp. Q-invariance: 

(6.2) <j)'^{pih,p2h) = (t)^{pi,p2), e{pi) = e{p2), tnih) ^ e{pi) = e{p2), 

(6.3) (j)p{gpi,gp2) = (j>p{pi,p2), tt{pi) = tt{p2), sg{g) = 7r(pi) = tt{p2). 

Proof. The f/-invariance of the right division map of P was already proven in Lemma ISTI 
of Subsection l5.1l Identity (16. 2> can be proved in the same way. □ 

Now, since, in particular, a Morita equivalence is a generalized morphism in the sense 
of Definition l4.4l there is a local generalized morphism from Q to H, constructed as in 
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an open cover ilg of Xg and corresponding local sections a^, of tt: 



One could wonder if there is a compatibility between the left and right division map asso- 
ciated to the Morita equivalence Q ^H.; this is the content of the following 

Proposition 6.5. The local generalized morphism associated to the Morita equiva- 
lence Q ^ TL enjoys the following "twisted injectivity": 

,^ 0^a(5l) = 0|'a(52), 91,92 egc,0^=^ 

(6.4) 

0p(CT/3fe(52)),Cr/3(tg(5i)))5i = (^a (sg (32)), CTa (sg (ffl))) • 

Proof. Consider any two elements gi and 52 in ga,p, such that 

0^.(51) = 0^.(52). 

By applying on both sides of the previous equation the target, resp. the source map, of the 
groupoid H, one gets, by the commutativity of the diagrams ( I4.12> . 

M^Pc.{9i)) ^£pitgi9i))^ 
= £p{tG{92)) , 

and similarly 

£a{sg{9i)) = ea{sg{9i)) . 
Since = £ o CTq, it follows immediately: 

cri3{tg{92)) ^ (I}picrf3{tg{g2)),af3itg{gi)))(7pitg{gi)) and 
o-/3(se(52)) = (l)p{craisg{g2)),cra{sg{gi)))(Ja{sg{gi)), 
by Equation ( 16. H . Set now 

(t>pA92,gi)- = (I)picri3{tg{g2)),cri3{tg{gi))) , 
?!'a,s(ff2,5i): = (l)picra{sg{g2)),<Ta{sg{gi))) ■ 

The elements 0^^(52,51) and 0^ 3(^2,51) of Q enjoy the following properties, which 
follow immediately from i) of Proposition l6.3l and since ctq and are local sections of tt: 



tg{'PpA9^^9i)) ^tg{g2), se('/'^,t (92,51)) = tg{gi), 

*e (0^(32,51)) = Sg{g2), sg{(l)^ ,{g2,gi)) = Sg{gi). 
Thus, it makes sense to consider the element of Q 

52'V^,t(52,ffl)ffl- 
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By iv) of Pi'oposition l6.3l the above element may be written as 

52"V:^,t (32, 51)51 = 0p(ff^^^/3fe(52)),5r^cr/3fe(5l))) = 

= (t)p{(Ja{sg{g2))'c) 0,13(92^) ,<^a{sg{gi))Qal3{9i^)) = 

= 0p(CTa(se(52))6/3a(52)"^ ,crQ(sg(5l))0/3Q(5l)"^) = 

= 0p(CTa(sg(52))e/3a(52)~^ , cr^ (sg (51 ))e/3Q (52)"^) = 
= 0p(cra(s£;(52)),cra(sg;(gi))) = 
= 0a,s(52,5l), 

where I have used compatibility between left Q- and right 7i-action, as well as Identity 
dOofLemmalMl 

On the other hand, assume to have two elements gi and 32 of Qa,p, related as in Equa- 
tion l6.4l In particular, it must hold: 

£/3(ie(5i)) = e/3fe(52)), £a{sg{gi)) = £0(35(52)). 
Using the same notations as above, the elements cj)^ f{g2, 51)51 and 52^0 s(52i 5i) li^ both 
again in Ga.p, whereas (j)^^t{g2, gi), resp. (t>a.s{9'2-, 51), lies in g^, resp. t;^. Applying 9^^ 
to both sides of the second equality of \6A\ and using ( 14.131 1. one gets: 

0^;'aW,t(52, 51)51) = 0^(0^,4(52,51)) 0^a(5l) = 
= 0fa(52)e^(0^,,(52,5l))- 

Let me compute separately both 6^^</)^ ^(52, 51)^ and 0^ (?!'q.s(52, 51)), beginning with 
the former one: 

0^(0^,4(52,51)) = 0p(CT/3(ie(0^,f(52,5i))),0^,t(52,.gi)CT/3(se(0^,t(52,5i)))) = 
= '/>p('/'^,t(52,5i)~^cr/3(^e(52)),0^,t(52,5i)cr/3(ie(5i))) = 
= 0p('^/3(iG(5i)),<^Mie(5i))) = 
= '-5(^5(52)), 

where I have used ii) of Proposition 16.31 Identity (16. 3> and Equation ( 16. U . Similarly, it 
follows 

0r(0a,s(52,5i)) = '-e(se;(52))- 

Hence, it must hold: 

0^a(5l) = 0^a(52). 

□ 

6.2. The inverse of a Morita equivalence and the factorization property for division 

p 

maps. Let Q, TL two Lie groupoids, and G ^ TC a. Morita equivalence between them, in 
the sense of Definition 16. II I define on the space P, viewed here as the total space of the 
Morita equivalence Q ^TL, the following left 7i-action and right ^/-action: 

(6.5) {h,p)i-^hp: ^ph^^, su{h) ^ e{p), 

(6.6) {p,g)^pg-- ^ g^^p, tg{g)^TT{p). 

It is immediate to verify that Equation ( 16. 5> . resp. ( 16. 6> . defines a left 7i-action on P with 
momentum e, resp. vr. This motivates the following 
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Definition 6.6. Given a Morita equivalence (P, tt, e, Xg), labelled hy Q ^ H, its inverse 

p-i 

H Q is defined bv the 4-tuple iP. e. tt. X-u). with left 'H-action defined bv ( 16. 5> and 

right ^/-action defined by ( 16. 6t . 

First of all, I need the following technical 

p-i P 
Lemma 6.7. 77ie inverse TL — > Q of a Morita equivalence Q ^ H. is again a Morita 

equivalence. 

Proof. It is immediate to verify all requirements by the definition of the left 7Y-action and 
the right Cy-action in ( 16. 5> and ( 16. 6> . 

For later purposes, I compute explicitly the canonical division maps associated to P^^, 
which are, not surprisingly, related to the division maps associated to the Morita equiva- 
lence P. In fact, by the very definition of left division map, resp. right division map, it 
must hold: 

4>p-i{Pl-,P2)P2 = Pi, 7r(pi) 7r(p2) <^ P24>p-i{'Pi,P2y^ = Pi <^ 
^ (t)p-i{Pl,P2y^ ^ 4>p{P2,Pl) ^ 0P-1(P1,P2) = 4>'^{pi,P2)\ 

Pl4>p-i{Pl,P2) =P2, e{pi) = e{p2) ^ (pp-i{pi,P2y^Pl ==P2 ^ 
<^ (t)^-,{pi,P2y^ = 4>p{p2.Pl) ^ (j)^-iipuP2) = (j)p{Pl,P2)- 



□ 

, , p-i 

In particular, Lemma ro^ implies that there is a canonical generalized morphism TC 
Q, for any Morita equivalence Q TC. It thus makes sense to compute the composite 
generalized morphisms P o P^^ and P^^ o P; let me compute e.g. P o P^^; additionally, 
both generalized morphisms are Morita equivalences. Recalling the construction of Sub- 
section the generalized morphism P o P^^ has the following properties, viewed as a 
right principal 7i -bundle over X-u- 

i) its total space is the quotient P 0^ P/ Q w.r.t. the right t/-action defined via 

{{pi,P2),g) {pig,g^^P2) = {g^^pi,9^^P2) , tg{g) = 7r(pi) = 7r(p2); 

the base space is obviously Xg. 

ii) The bundle projection tt is 

T^{[Pl,P2]) ■■ = £{Pl), 

whereas the momentum map e is 

£{[pi,P2]) ■■ = e{p2). 

iii) The left 7i-action, resp. the right 7i-action, is defined via 

h{\pi,P2]) = [pi/i"\p2] , su{h) =£(pi), resp. 
([Pi,P2]) h = [pi,p2h] , tn{h) ^ e{p2). 

iv) The right division map (ppop-^ of P o P^^ is 

-^PoP-idPl'Pa], [Pl,P2]) = 'ljp{P2,<t>piPl,Pl)P2) ' 

7r(pi) = 7r(p2), 7r(pi) = 7r(p2), e{pi) ^ e{p^). 
The generalized morphism P o P^^ is in fact a Morita equivalence, as follows from 
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Lemma 6.8. The generalized morphism P o P ^ possesses a left division map, namely 

'/'PoP-i(bl:P2], [Pl,P2]) = 0?(7'l>p(P2,P2)Pl) . 
(0./) _ _ _ 

7r(pi) = 7r(p2), 7i'(pi) = 7r(p2), e(p2) = £(^2)- 

Proof. A slight modification of the arguments used in Subsection 15 . 1 l imply immediately 
the claim. □ 

Proposition 6.9. The A-tuple (P 0^ P/Q, tt , e, X-j-i) is isomorphic to the unit bundle Uu, 
viewed as a Morita equivalence ofH. 

Proof. By a slight modification of the arguments used to prove Proposition 4.9 of H7I . it 
suffices to show the existence of a fibre-preserving, 7i-equivariant map from P o P~^ to 
Uu, which additionally has to be left 7i-equivariant. The map is defined as follows (recall 
that the total space of Un is simply Ti): 

(6.8) PQ^P3 [pi,P2] ^"^^ cf>p{pi,P2) G n. 

Notice first that the map ( 16. 8> makes sense, since any representative of [pi,p2] belongs to 
PQtt p. By Lemma l64l it follows that the map (I6.8> is well-defined, i.e. it does not depend 
on the choice of the representative of the class [pi,p2]; it is clearly smooth, because the 
right division map (j)p is smooth. 

It remains to check that the map ( 16. 8> is fibre-preserving and left and right 7i-equivariant. 
Point i) of Proposition 12 . 1 8 1 of Subsection 12.21 implies immediately that the map (16. 8> is 
fibre-preserving and momentum-preserving (the latter proving a part of the equivariance); 
let me only recall that the bundle projection of Un is the target map of H, while the mo- 
mentum is the source map of H. The left and right 7-^-equivariance follows immediately 
from Point iv) of Proposition l2.18l of Subsection l2.2l recalling Formula ( 16. 5> . □ 

Remark 6.10. Notice that the unit bundle Un may be interpreted as a generalized morphism 
from Ti to itself: in fact, applying Lemma 1431 of Section 0] to the identity morphism of 
TC, the resulting generalized morphism can be straightforwardly identified with the unit 
bundle Un- Moreover, it follows easily that the left Ti-action on Un is free and transitive 
on each fiber of the source map, which implies that Un is a Morita equivalence, which, in 
spite of Proposition l6.9l and the next Proposition l6.12l may be viewed as the unit w.r.t. the 
composition of generalized morphisms, since, moreover, it is not difficult to verify that left 
and right composition of generalized morphisms with the corresponding unit bundles are 
isomorphic to the initial generahzed morphisms. 

Similarly, consider the composite generalized morphism P^^ o P, from Q to itself; 
without going into the details, let me only write its main properties, which can be deduced 
with the correct substitution from Subsection l5.ll 

i) the total space of P^^ o P is the quotient space P 0^ P/H, where H acts from 
the right on P 0^ P via the rule 

{{Pi,P2),h) i-> {pih,h'~'^p2) = {pih,p2h), tn{h) = = e(p2) 

(diagonal action); the base space is clearly Xg. 

ii) The bundle projection tt is 

T^{\pi,P2]) = 7r(pi), 

and the momentum e is 

£{[Pl,P2]) = 7r(p2)- 
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iii) The left C/-action on P o P ^ is 

{9, [Pl,P2]) 1-^ [gPi,P2] , sg{g) = 7r(pi), 
while the right (7-action on P o P^^ is 

([Pi,P2],5) [^1,5^^2] , tg{g) =7r(p2)- 

iv) The right division map (pp-iop of '^^e bundle P^^ o P is 

0p-iop([Pl.P2], [Pl,P2]) = <Pp{P2<l)p{Pl,Pl),P2) , 

e(Pi) = '^iP2), £{Pi) = e(P2)j ""(Pi) = '^(Pi)- 

Moreover, the left (y-action is free and transitive on every fiber of e, as stated in the follow- 
ing 

Lemma 6.11. The generalized morphism P^^ o P possesses a left division map, given 
explicitly by the formula 

</'p-iop([Pl,P2] : [Pl,P2]) = (l)p{pi,Pl<l>p{P2,P2)) , 

(o.y) _ _ _ 

= £{P2), e{Pi) = £(P2)> ^{P2) = 7r(p2)- 
Analogously to Proposition l6.9l the following Proposition holds 

Proposition 6.12. The A-tuple {P 0^ P/H., tt, £, Xg) is isomorphic to the unit bundle tig, 
viewed as a Morita equivalence of Q ( again, the unit bundle is the canonical generalized 
morphism from Ti. to itself associated to the identity morphism of Q). 

Proof The proof follows along the same lines of the proof of Proposition 16.121 once a 
fibre-preserving, left and right 5-equivariant map from P^^ o P to Q is defined; this turns 
out to be simply 

(6.10) [Pl,P2] '^^h4°'' (I)^{pi,p2). 

□ 

The following important formulae are the corollary of Proposition 16.91 and 16.121 and 
Theorem 4. 1 of Section 4 of UJ | : 

Theorem 6.13 (Factorization formula for Morita equivalences). Let Q and Ti be two Lie 

p 

groupoids, and Q ^ Ti. a Morita equivalence between them; then the following formulae 
hold 

(6.11) 0?(P2,0p(pi,Pi)p2) =0p(P2,Pl)<^:P(Pi,P2), 

(6.12) 0p(P20pbl,Pl),P2) ='^p(P2,Pl)0p(Pl,P2)- 

In Identity \6.11\ . resp. \6.12\ , the elements pi, P2, Pi andp2 are chosen as follows: 

"^{Pi) = ""fe), Tr{Pi) = 7r(p2), e{pi) = resp. 

= e(P2) = e{p2), Tr{pi) = 7r(pi). 

Proof. Let me prove Identity (16. Ilk Identity (I6.12> follows by the very same arguments. 

Observe first that the left-hand side of Identity ( I6.12> is simply the right division map 
of the generalized morphism P o P^^, evaluated at a representative of the pair 

{[Pl,P2],[Pl:P2]) e iP&^ P) X^(P0^P). 

On the other hand, Proposition l6 . 9l implies that the map ( 16. 8> is a fibre-preserving, left and 
right 7i-equivariant from P o P^^ to Uu, i.e. an isomorphism of right principal H-bundles. 
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Theorem 4.10 of Subsection 4.3 of |I17| implies therefore the following identity: 

whence Identity ( 16. lU follows immediately, evaluating both sides of the previous identity 
on a pair in (P ©^r P) Xw [P 0,^ P) and recalling the shape of the right division map of 
the unit bundle □ 

6.3. A criterion for a generalized morphism to be a Merita equivalence. 1 discuss in 
this subsection a (global) criterion for guaranteeing that a generalized morphism in the 
sense of Definition l4.4l is a Morita equivalence in the sense of Definition l6.1l this criterion 
will play a central role in Subsection l6.5l Let me warn the reader that there is in principal 
nothing new in this subsection, as e.g. the same result may be found in 1 13 1; still, 1 thought 
it was worth writing down all the details of the proof step-by-step. Moreover, 1 need this 
result for different purposes than the ones Moerdijk and Mrcun had in minds (and, to be 
really sincere, after 1 came to the result from my local point of view, 1 realized that surely a 
more clever mathematician than me should have proved it before, which, by the way, was 
exactly the case!). 

p 

Let therefore Q — *■ ?i be a generalized morphism; I denote by tti, resp. ei, the projection 
from P to Xg, resp. the momentum from P to X-u- 

p 

Theorem 6.14. The generalized morphism Q Ti is a Morita equivalence between Q 

and Ti if and only if there exists a generalized morphism Ti ^ P, such that the composite 
generalized morphism Q o P, resp. P o Q, is isomorphic to the unit bundle of Q, resp. Ti, 
as a generalized morphism. 

The Factorization formula for Morita equivalences of Theorem l6.13l is a direct conse- 

P 

quence of the fact that a Morita equivalence Q H. satisfies the "only if"-part of The- 
orem 16.141 namely, one can choose Q : = P~^, the inverse generalized morphism of P 
of Definition l6.6l and the arguments of the preceding subsection show that P^^ o P, resp. 
P o P^^, is isomorphic to the unit bundle of Q, resp. H. It remains therefore to prove the 
"if'-part of Theorem l6.14l the proof follows from a series of technical Lemmata. Let me 
first introduce and remind some notations: the projection, resp. momentum, of the gener- 
alized morphism Q is denoted by 7r2, resp. 62, the projection, resp. momentum, of Q o P 
is denoted by tti, resp. ei (see Subsection l5. ll for more details). 

Lemma 6.15. Under the hypotheses of the "if'-part ofTheorem \6.14\ the composite gen- 
eralized morphism Q o P is a Morita equivalence. 

Proof. The proof consists in two steps: i) one has to show that the momentum of Q o P is 
a surjective submersion and ii) there is a right division map 4'qoP on Q o P. 1 postpone 
the proof of i), which is a consequence of following technical Lemmata, showing first that 
there is a right division map for Q o P. 

Let $1 be the isomorphism between Q o P and Ug, the unit bundle of Q. Recall the 
construction of Q o P from Subsection 15. II consider two equivalence classes [pi, qi] and 
[P2, 92] in Q ° such that 

ei(bi,9i]) = £2((7i) = e2((72) ^Si{[p2,q2]); £i(pi) = 7r2(gi), ei{p2) 7^2(^2)- 
I claim that the map 

(t>Qopi[pi,qii [P2, 92]) : = ^ilbi, gi]) («'i([P2, 92]))"^ 

is well-defined and that it is the left division map for Q o P. 
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First of all, (pQ^p is well-defined: namely, recalling the properties of $1, one gets 

se(*i([Pi>9i])) =ei([Pi,9i]) = 
= £2(91) = 
= £2(92) = 
= Sg{^i{\p2,q2\) = 

= ia(($i(b2,92]))-'), 

for any two pairs [pi, q'l] and [p2, Q2] in Q o P as above. It remains to show the following 
equation: 

'l>Qop{\Pi,Qi], \p2,q2]) \p2,q2] = [pi,qi]- 
This follows by applying $1 to the left-hand side of the previous equation; recall that $1 
is (left) ^-equivariant and is injective. □ 

The second lemma I need follows from the previous one 

Lemma 6.16. There exists a smooth map ^\ from P to Q, satisfying the following prop- 
erties: 

7r2ovI>i=ei, e2 0*i=7ri; 

^i{gp) = *i(p).g~\ TTi{p) ^ sg{g). 

Proof. Recall that the total space of the unit bundle Ug is Q. Take p G P; then there is a 
canonical element in Q associated to p, namely 

Since Q o -P is isomorphic via $1 to ZYg, it follows that there is a unique equivalence class 
[pi, gi] in Q o P, such that 

*i(bi>9i]) = I'Si'^iip))- 

A direct computation shows 

tgiLgi-Kiip))) = ni{p) = 

= tg{^i{\pi,qi])) = 
= 7ri([pi,gi]) = 
= 7ri(pi), 

i.e. pi lies in the same fiber as p, whence it follows that 

Pi = ph, 

for a unique element /i e By the construction of Q o P, it follows 

= [p,q], 

for a unique q in Q, since the action of H on P is free. 
Set '^i{p): = q, where q is uniquely determined by 

= '-a(7i"i(p)). 

It follows inomediately, by local arguments, that ^'i is a smooth map, as 
(6.13) [p,*i(p)] = $r'(^e(^i(p)))- 
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It remains to check the properties of Since is uniquely determined by (I6.13> . it 

follows that 

£ib) = 7r2(^'i(p)) , VpGP. 

On the other hand, the computation above for showing the existence of a unique q € Q, 
such that Equation ( I6.13> holds implies immediately that 

^i(p) = £2(*i(p)), VpeP. 

Let me show now the two "twisted" equivariance properties; I begin with the 7i-twisted 
equivariance. Let p be an element of P and h <E H, such that ei{p) = tT-c{h); then it 
follows 

= i-gi'^iip)) = 

= $i([p,vl/i(p)]), 
by 7i-invariance of tti. The injectivity of $i implies 

[pK^iiph)] = [p,h^i{ph)] = [p,^iip)] , 

whence the claim follows. 

The 0-twisted equivariance is a bit more complicated. First of all, for p ^ P and g ^ Q 
such that sg{g) — tti{p), one gets 

= .g$i([p,*i(.gp)]), 

whence 

$i(b,*i(.9p)])=5"' = 

= '-g(sg(5))g-l = 

= a>i([p,*i(p)]).g-i - 
= <i>i([p,vl/i(p)g-i]). 

Again, the injectivity of $i implies 

[p,*i(<7p)] = [p,*i(p).9"^] , 
and the claim follows immediately. □ 

Since the generalized morphism P oQ from H. to itself is isomorphic to the unit bundle 
Uu, it follows that there exists a smooth map ^1^2 from Q to P, such that 

7riovl/2=e2, eio-^2=T^2; 

*2(g5) -g~^*2('7), £2{q)=tg{9). 

Lemma 6.17. The composite map ^2 ° ^'i, resp. ^1 o ^12, is a gauge transformation of 
the generalized morphism P, resp. Q. 
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Proof. Consider e.g. the map ^2 ° from P to P. It follows 

TTl o(\I>2 O = £2 ° 4*1 = T^l, 

El o(\I>2 O Vfi) = 7r2 O Vf*! = £1. 

Moreover, 

(^'2 o = ^2{h-Hi{p)) = (*2 o *i) {p)h, Slip) ^ tn{h), 

(*2 o ■^i){gp) - 4'2(*i(p)5"^) - 5 (*2 o *i) (p), 7ri(p) = sg{g). 

□ 

An important consequence of the existence of ^1*1, resp. 4*2, is encoded in the following 

Corollary 6.18. The left Q-, resp. left Ti.-, action on P, resp. Q, is free. 

Proof. Let me show that the left 7i-action on Q is free. Let q be an element of Q and 
h E H, such that s-uih) — 7r2(q) and 

hq = q. 

Then, applying 4' 2 to both sides of the previous identity, one gets 

^'2(/i(?) = ■^2{q)h-^ = *2(g). 
The right 7i-action on P is free, whence 

h^^ = tw(ei(*2(g))) = tw(vr2(q)), 
and the claim follows. □ 

Let me now return to the proof of Theorem l6.14l 

Proof of Theorem \6. 14\ Also in this case, I show i) that ex is a surjective submersion and 
ii) that there is a left division map 0p for the left C?-action. 

That £1 is surjective, it follows from the identity £1 = 7r2 o vl/j: since ^1*1 is bijective 
by Lemma 16.171 and 112 is surjective. Moreover, since \E'2 o vti, resp. 4'i o ^^2, is a gauge 
transformation of the generalized morphism P, resp. Q, by Lemma 16.171 it follows from 
the chain rule that the tangent maps of ^1 and ^"2 are linear isomorphisms on the corre- 
sponding tangent spaces; using again the chain rule on the identity £1 = 7r2 o "^x, together 
with the fact that 112 is a submersion, it follows immediately that £1 is a submersion. 

Let me now construct the left division map 0p for the left Cy-action on P. Consider thus 
two elements pi, p2 in P, such that £i(pi) = £1(^2), and choose an element q E Q, such 
that 

T^2{q) = £l(Pl) = £l(P2)- 

Set 

(6.14) (j)^p{pi,p2): = <f>Qop{[Pi.q\AP2,q]), 

where (t^Qop is the left division map for Q o P, constructed in Lemma 16.151 First of all, 
I show that (f)p is well-defined, i.e. that it does not depend on the choice of q. Namely, 
choosing qi, such that 

71-2(91) = £i(pi) = £1(^2) Tr2{q), 

whence it follows 



qi = qg, 
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for a unique g ^ Q. Then, one computes 

'/'Qop([pi,9i],b2,gi]) = *i(bi,9i])($i(b2,9i]))"^ = 
= <i>i(bi,g])(<i>i(b2,g]))"' = 

= '/'Qop(bl:9]:b2,g]), 

and this shows that 0p is well-defined. It remains to show that 0p satisfies the following 
identity: 

0p(pi,P2)p2 = Pi, ei(pi) = £1(^2); 
Notice that 0p(pi,p2)p2 makes sense, as 

Se('^|^(pi,P2)) -Sg(<i>i([pi,g])($i([p2,9]))"') = 
= tc;($l(b2,9])) = 

= T^i{[P2,q\) = 

= 71"! (P2)- 

Now choose q E Q, such that TT2{q) = £i{pi) = £1(^2), then 

y>p{pi,P2)p2,q] = [<pQap{[pi,q],[P2,q])p2,q] = 
= <pQop{[pi,q\,[P2,q])[p2,q] = 
= [pi,q\- 

Thus, there exist a unique h E H, such that 

(t)p{jPi,P2)p2 = Pih, h~^q = q. 
But Corollarv l6.18l implies that the left 7Y-action on Q is free, and this shows 

<f>p{Pl,P2)P2 

□ 

Remark 6.19. Analogous arguments imply that the momentum £2 of Q is also a surjective 
submersion; this implies, by the very construction of the generalized morphism Qo P, that 
its momentum is a surjective submersion, completing the proof of Lemma l6.15l 

6.4. Consequences of the Factorization Formula: from global to local Morita equiv- 
alences. In this subsection, I want to deal explicitly with the local form of Morita equiva- 
lences: namely, I consider a Morita equivalence Q ^ Hin the sense of Definition l6 . 1 1 and 

the corresponding inverse Morita equivalence H ^ in the sense of Definition l6.6l these 
two generalized morphisms give rise respectively to local generalized morphisms 8 p and 
Qp-i, which are composable in the way explained in Subsection l5.2l I want to compute 
explicitly the composite local generalized morphisms Qp-i o 8p and 8p o 0p-i, in or- 
der to find a local criterion for the characterization of Morita equivalences in local terms. 
Theorem l6.13l plavs the main role in these computations. 

Let me compute the local generalized morphism associated to the generalized morphism 
o P, for a Morita equivalence Q ^ Ti., first w.r.t. to a particular choice of local sec- 
tions of P~^ oP. This does not correspond to the canonical choices of local sections of the 
composite P^^oP as specified in Subsection l5.21 nonetheless, the following computations 
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are helpful in order to understand completely the result of the computation of the composi- 
tion Qp-i o Qp according to the rules of Subsection l5.2l Consider an open covering il of 
Xg and corresponding local sections ctq of P over the associated local momenta are 
denoted, as usual, by Sa- Recall also that the total space of o P is P 0^ P/H, thus it 
makes sense to consider the following map: 



(6.15) 



p-i oP 



It is immediate to verify that the map CTq, defines a local section of P^^ o P; moreover, 
recalling the definition of the momentum of P~^ o P, it is immediate to see that the local 
momenta of P^^ o P associated to the local sections defined in (I6.15> are the identity: 

Saix) = e{aaix)) = 

= e{[aa{x),aa{x)]) = 
= 7r{aaix)) = 

= X. 

Remark 6.20. Notice that the total space of the generalized morphism P^^ o P is the anal- 
ogon in the framework of principal bundles with groupoid structure of the gauge groupoid 
Q{P), introduced and discusses in Subsubsection l3.3!4l hence, the local sections CTq, may 
be viewed as the unit map of the gauge groupoid of P. 

Recalling now Equation (14.81 of Subsection 14.11 for local generaUzed morphisms ob- 
tained from generalized morphisms, one gets 

®0a°^{9) = 4>p-^op{^f3{tg{g)) ,gaa{sg{g))) = 

= 4>p-^op{[(yi3{tg{g)),rJi3{tg{g))] , [g(Ja{sg{g)),aa{sg{g))]) ^ 
= <j)p {aa {sg (g)), (7/3 {tg {g))(j)p {ap {tg {g)), gaa {sg (g)))) = 

Factorization property ,/"/ / / \\ / / \\ \ — 1//"/ / / w / / \\ \ 

= (Pp{(^r3{tg{g)),af3{tg{g))) (pp{g(Ta{sg{g)),aa{sg{g))) ^ 

= i'g{tg{9))9i-g{sg{g)) = 

Hence, the local generalized morphism Qp-i^p is the identity morphism of Q, when one 
uses the specific sections CTq, of P^^ o P defined in Equation ( I6.15> . Repeating the compu- 
tations almost verbatim (with the due changes) leads to the result for the local generalized 
morphism 0pop-i. 

Let us now compute the local generalized morphism 6p-iop viewed as the composition 
of the local generalized morphisms 6 p and 6p-i , using the results of Subsection l5.3l from 
which I borrow all notations. Let U, resp. 2J, be an open covering of Xg, resp. X^^; Uq,, 
resp. Ti, denote smooth sections of P (i.e. of tt) on resp. of P^^ (i.e. of e) on Vi. it 
denotes the refined covering of Xg, constructed as in Subsection 15.31 and, accordingly, 
ctq . , resp. . , denote the restrictions of local sections of P, resp. local momenta of P, to 
Uai- Consider the local sections ct^., resp. CTq., of P^^ o P over J/q^, where 

da, [x) : = [Ua, (s), Ti{ea, [x))] , 

and ctq; are defined as in Equation (I6.15> . only taking their restrictions to . . Both maps 
define local sections of P^^ o P, both subordinated to the refined open covering il and they 



92 



C. A. ROSSI 



are related to each other as follows (using the Factorization property): 

= ^ai{x)(f>p-iop{Wa,{x),<Jai{x)] , [(Ja,{x) , Ti{e a,{x))]) = 
= '^ai{x)(f>p{aa,{x),aaAx)) ^ (?!)p (CTq^ (x) , Ti (Eq, (x) ) ) = 
= '5ai{x)(t>p{aai{x),Ti{eaiix))) ; 

notice that the same result could have been found directly from the properties of P^^ o P. 
The family of maps 

Uai ^ X ^ 4>p{crai{x), Ti{ea,{x))) £ Q 

will be denoted by (notice that this is the common notation for transition functions); it 
is immediate to verify that the maps satisfy the properties 

where by tt^ one denotes the composite function tt o from Vi to P, and provided and 
[7/3^ intersect nontrivially; by <&^^ °^ I denote the transition function of P^^ o P. The 
second identity follows immediately from the definition of . 

Now, I perform the explicit computation of Qp-i oP as 9p-i oQp; notice that at some 
point I make use of the Factorization formula: 

= (f>p-iop{[(J(i,{tg{g)),Tj{epAtg{g)))] , [g<TaAsg{g)),n{eaAsg{g)))]) = 
= '/'p('^ftfe(5)),^i(£ftfe(.9)))) Vp(50-a,(se(5)),Tj(£„^(s£;(g)))) = 
= 4'p{'^p,{tg{g)),Tj{epAtg{g)))) ^ g(l)piac,{sg{g)),n{ecAsg{g)))) = 

In other words: 

The composition of the local generalized morphisms 8p i and 6p in the sense 
explained in Subsection l5.31 associated respectively to the generaUzed morphisms 
P~^ and P, is the identity morphism of Q twisted by the transition functions 
in a way similar to the "nonabelian Cech cohomological equation" <4.14> of 

DeflnitioninSlin SubsectionH3l 

A similar result can be proved, with due changes, also for the composition of Qp and 
Qp-i, i.e. 8p o Qp^i is "cohomologous" to the identity morphism of H (clearly, this 
construction depends on the choice of open coverings of Xg and X-u and associated local 
sections and local momenta). 

6.5. From local to global Morita equivalences. In this subsection, I give the definition 
of local Morita equivalences, motivated by the final results of the preceding subsection; 
subsequently, I show that there is a one-to-one correspondence between (global) Morita 
equivalences in the sense of Definition l6.1l and local Morita equivalences, as defined below. 

Let first ^il, £aj , resp. (5J, tt^), be local triviaUzing data over Xg with values 
in Q, resp. over Xh with values in H; for the sake of simplicity, I use Greek indices, resp. 
Latin indices, for the labels of open sets of the open covering il, resp. QJ. Let il, resp. QJ, 
be a refinement of the cover il, resp. 03, with open sets Uai, resp. Vt^ , such that: 



PRINCIPAL BUNDLES WITH GROUPOID. 



93 



i) [/q. C Ua, Ecci (Uui ) C Vi, where £„. is the restriction of Sa to f/a. ; 

ii) Vi^ C Vi, TTi^ {Vi^ ) C Ua, where tt;^ is the restriction of tt^ to Vi^ . 

Thus, it is possible to consider on the open covering il, resp. QJ, the composite local mo- 
menta TTi o from ?7q. C Xg to Xg, resp. o tTq,. from Vt^ C X^y; to X-^^. 

Definition 6.21. A local Morita equivalence M between the groupoids Q and Ti, consists 
of two pairs (0, and (H, 'I'^), where i) 8, resp. H, is a local generalized morphism 

from Q to Ti, resp. from 7i to Q, subordinate to the local trivializing data ^il, Eq^, 

resp. (QJ, TTi) and m) $® = {$^^ }, resp. $^ = }, is a family of maps from Ua, 
to Q, resp. V^^^ to TL, such that the following requirements are satisfied: 

a) 

tQ o = idxg , sg o = TTi o 



(6.16) 

b) 

(6.17) 



provided [/„,,g^ C Xg, resp. y^^^^ C X^, is nonti-ivial. By resp. ^f°^, 

I denoted the transition functions of H oQ, resp. o H, constructed by means of 
the "refinement trick" for Q and H, see Subsection l5.3l for more details. 

c) 



(6.18) 



(eoH)^.^,^ {h) = (^^l{tn{h))y' idnmlisnih)), Vh 



i.e. the composite local generalized morphism H oQ, resp. o H, is "cohomol- 
ogous" to the identity morphism of Q, resp. H, via the "coboundary" resp. 

Let me discuss the contents of the previous definition. First of all, one has two local 
generahzed morphisms and H, from Q to 7i and from TL Xo Q respectively, and sub- 
ordinate to the local trivializing data ^il, Eq,^ , resp. (5J, $^,7r,;) respectively: by 

Lemma l4TT9l 0, resp. H, gives rise to a generalized morphism Q ^ H, resp. Ti ^ Q,m 
the sense of Definition l4.4l On the other hand, the arguments of Subsection l5.3l implv that 
the composite local generalized morphisms H o0 and o H give rise to the composite gen- 
eralized morphisms Q ^"—^^ g and Ji ^^^^ Ji respectively. Recalling Definition 14.231 
it is not difficult to see that the family of maps $®, resp. defines a local equivalence 
between H o0 and the identity morphism of Q, resp. o H and the identity morphism of 
TL. Since the identity morphism of a groupoid Q, viewed as a local generalized morphism 
subordinate to the "trivial" local data (il, id, ig), correspond to the unit bundle Ug, with 
obvious left and right (^-action, Theorem l4.25l implies that there is an equivalence between 
the generalized morphism Ph ° and the unit bundle Ug, resp. between the general- 
ized morphism Pq o Ph and the unit bundle Uu . Putting together these results with the 
arguments of Subsection l6.3l in particular Theorem l6.14l the following Theorem holds 
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Theorem 6.22. Let (^il, $^ ^jEq], resp. (QJ, $^,7ri), be local trivializing data over Xg 
with values in Q, resp. over X-j-i with values in 7i, let &, resp. H, a local generalized 
morphism from Q to Ti subordinate to ^il, ff^^, £q^, resp. from Ti. to Q subordinate to 

(QJ, 4>^, T Tj), an d let M be a local Morita equivalence between Q and H in the sense of 
Deftnition \6.21\ 

Then, Q is Morita equivalent to Ti. w.r.t. the Morita equivalence Pq, and Ti. is Morita 
equivalent to Q w.r.t. the Morita equivalence Ph- 

6.5.1. A local Morita equivalence between the gauge groupoid Q{P) of a principal G- 
bundle P and its structure group G. In this subsubsection I want to compute an explicit ex- 
ample of a local Morita equivalence in the sense of Definition l6.21l For this purpose, 1 con- 
sider a principal G-bundle P over a manifold M, and 1 consider the following groupoids: 
the gauge groupoid G{P), for whose main properties 1 refer to Subsubsection 13 . 3 41 and 
the trivial groupoid associated to the Lie group G. That these two groupoids are Morita- 
equivalent is already known, see e.g. IIIOI . Proposition 2.14; however, it is nice to prove it 
by a different perspective. 

First of all, 1 construct a local generalized morphism from the gauge groupoid Q{P) to 
G. As local trivializing data (il, e^, ^ap) over M (notice that M is the manifold of objects 
of the gauge groupoid Q (P)) with values in G, 1 choose an open covering of M with local 
sections (Ta of P as a G-bundle (in fact, by the arguments of Subsubsection 13. 3'!2l this 
exhausts all possible local trivializing data, up to isomorphism); the local sections, along 
with the division map of P, specify transition functions on Uap nontrivial with values 
in G. The local component Q{P)a,i3, for any two open subsets [/„, Up of M, takes the 
form: 

g{PUj3 : = {[pi,P2] e G{P) : 7:{pi) G Up, 7r(p2) £ U»} ■ 
Then, let me define local maps from Q{P)a,p to G as follows: 

Qpo.- Q{P)o.,p^G 

(6 19) ^ ' 

[Pl,P2] ^^ '/>p(o-/3(7r(pi)),pi)0p(p2,cra(7r(p2))), Vtt, /3; 

as usual, 0p is the division map of P. As a consequence, one has the following 

Lemma 6.23. The local maps \6.19\ are well-defined and thus give rise to a local gener- 
alized morphism Q from Q{P) to G subordinate to the trivializing data (il, Eq,, $0/3). 

Proof. First of all, let me show that Qpa is well-defined, i.e. it does not depend on the 
choice of the representative of the class [pi,p2]. In fact, choosing another representative 
(pi, J52) of [pi,p2], it follows that there exists a unique element g G G, such that pi = pig, 
for i = 1,2. Then, it follows from the G-invariant of tt and of the G x G-equivariance of 
the division map (j)p of P: 

0/3a([Pl,P2]) = 4>p{<^p{T^{Pl)),Pl)(l>p{P2,Cra{Tr{P2))) = 

= 4>p{<^p{'^{Pl9)),Pl9)<Pp{P2g,Cra{T^{P2g))) = 
= (j)p{(Tp{'!T{pi)),pi) gg''^(j)p{p2,(Ta{TT{p2))) = 

= Qpa{[pi,P2]) , ya,(3. 

Let me now show that Q is truly a local generalized morphism from Q (P) to G. I have to 
verify the three conditions in Definition l4.16l Condition l4.12l is easily verified, since G is 
endowed with a trivial groupoid structure. Let me check Condition l4.13l for this purpose. 



PRINCIPAL BUNDLES WITH GROUPOID. 



95 



let me consider elements [pi,p2] £ Q{P)a.,i3 and [pi,p2] G Qp..i^ such that 7r(pi) ~ tt{p2), 
and let me compute the following expression: 

07"([Pl'P2][Pl,P2]) = e^a{[Pl4)p{P2,Pl),P2]) = 

= <Pp{'^y{Tr{Pl(f>p{P2,Pl))),Pl<t)p{P2,Pl))(pp{P2,Cra{TT{p2))) = 
= <Pp{<^'r{Tr{Pl)),Pl)<Pp{P2,Pl)<PpiP2,Cra{T^{P2))) = 
= (pp{a^{TT{pi)),pi)(t)p{p2,ap{TT{p2))) 
'/'p(cr/3(7r(pi)),Pl)0p(p2,O-a(7r(p2))) = 

^ ©7/3([Pi'P2])0/5a([pi,P2]), Va,/3,7; 

notice that the equality 

(t)p{P2,Pl) = (/)p(p2,cr/3(7r(p2)))0p(o-/3(7r(pi)),pi) 

follows immediately from the definition of the division map and from 7r(p2) = T^ipi)- It 
remains to show Condition l4.14l For this, notice first the identity 

(Tp{x) = (Tq(x)$„/3(x), Vx e Uaf3, 

provided the intersection Uap is nontrivial. Then, the following holds, again using the 
G X G-equivariance of the division map (pp: 

Ql3ai\pi,P2]) = (f>p{(Jp{TT{pi)), Pl)(pp{p2, Cra{TT{p2))) = 

= 0p((T5(7r(pi))$5/3(7r(pi)),pi)0p(p2,cr^(7r(p2))$7Q(7r(p2))) = 

= $^5(7r(pi))(/«p(CT5(7r(pi)),pi)(/«p(p2,Cr^(7r(p2)))^'7a(7r(p2)) = 
= '^l3s{tg{P){[pi,P2])) Qsy{[Pl,P2])'^',a{sg(^p){[pi,P2])) , 

provided U ss and Ua-f are non empty. □ 

Remark 6.24. Notice that the generalized morphism P®, associated to the local general- 
ized morphism 9 of (I6.19> . is P itself; it remains to compute the explicit expression of the 
left t/(P)-action. Since P is reconstructed from its local trivializing data, one has 

P = Y[Ua.xG/ r^, 

a 

and for all notations I refer to Subsubsection l3.3^ then, the left t/(P) -action takes the 
form 

[Pl,P2][x,g] = [tt{pi), (l)p{a0{TT{pi)),pi)(pp{p2, aa{TT{p2)))g] , 

where x e Ua, t^{p2) = x and f3 is chosen so, that n{pi) lies in Up. Using the G x G- 
equivariance of (pp and the G-invariance of tt, it follows 

[Pl,P2][x,g] = [tt{pi), (j)p{(Tp{TT{pi)),pi)(j)p{p2, (Ja{x)g)] , 

and using the (well-defined, G-equivariant) isomorphism from P to Ua x G/ ~ 

[x,g] ^ aaix)g, x e Ua, 
it follows immediately that the left C/(P)-action takes the explicit form 

\P1,P2]P = Pl(pp{p2,p), 7r(p) ^ Tt{p2)- 
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At this point, I need a local generalized morphism from G to Q{P)- First of all, the 
manifold of objects of G is a point *; therefore, an open covering for * consists only of * 
itself (with the trivial topology), and, as a consequence, one has to define only one local 
(in truth, global) momentum e and one cocycle $: 

e(*) = 2^0, $(*) = 1'{xq), 

where .tq is a base point of M. A local generalized morphism H from G to Q{P) is then 
defined by 

where po is a fixed lift of in P; it is easy to verify that H is truly a local generalized 
morphism from G to Q{P), by recalling the composition law in the gauge groupoid. 

Now, consider any two open subsets Ua, Upof M in the covering il of M, and compute 
the composition of H with Q^a with the help of the arguments used in Subsection l5.3l 

= bo0p(o-/3(7r(pi)),pi)(?!)p(p2,(Ta(7r(p2))),J3o] = 

= bo,CT/3(7r(pi))] [pi,P2] [(Ta{TT{p2)),Po] , 

by the very definition of the composition law in the gauge groupoid. On the other hand, let 
me fix an index ao, such that xq is in Uao, and consider the corresponding local section 
(7q,(, of P; then, let me compute the composite morphism Qao ° H: 

(e,„oH)(g) = e„„([po,Pog-']) = 

= 0P (c^ao (7^(P0 ) ) , PO )g'/>P (PO , CTqo (tT (po ) ) ) • 

Therefore, let me define the following maps 

$^ u^-^GiP) 

X i-> [aa{x),po] 

and 

{*}-^G 

* '/'p(Po,crQo(7r(Po)))- 
it follows from the very definition of the gauge groupoid that 

$2(a;) = $|(a;)[po,Po*a/3(a;)], Vx £ Uo^p ^ 0, 
and it is immediate to verify that the maps 

Uaf3 3 X ^ [po^Po^apix)] £ g{P) 

are the composite cocycles in the notations of Subsection l5.3l on the other hand, it 

is obvious that the trivial cocycle 

* e 

is the composite cocycle The above arguments altogether imply immediately that 

the pairs (0, and (H, , constructed starting from a principal G-bundle P over M, 
define a local Morita equivalence between the trivial groupoid G and the gauge groupoid 
GiP) of P. 
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